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SDHT for Fast Detection of Weak GNSS Signals
Seung-Hyun Kong, Member, IEEE

Abstract—Successful and fast Global Navigation Satellite Sys-
tem (GNSS) positioning in indoor environments can enable many
location based services (LBS). However, fast indoor GNSS posi-
tioning has been one of the biggest challenges for GNSS receivers
due to the huge computational cost. To detect weak GNSS signals
in indoor environments, a GNSS receiver should perform nu-
merous correlations with a longer coherent integration interval
for a denser Doppler frequency search, which is computationally
too expensive. For a fast and low computational weak GNSS
signal detection, we propose the synthesized Doppler frequency
hypothesis testing (SDHT) technique that, utilizing the test results
of only sparse Doppler frequency hypotheses, can estimate the
test results of entire Doppler frequency hypotheses with small
computations. We provide theoretical performance analysis of the
proposed technique and demonstrate that the proposed technique
reduces the computational cost for weak GNSS signal acquisition
significantly and achieves faster signal acquisition than conven-
tional techniques.

Index Terms—Indoor GNSS, low computational detection, sen-
sitivity enhancement, Doppler frequency.

I. INTRODUCTION

THE acquisition of an incoming Global Navigation
Satellite System (GNSS) signal requires numerous tests

of the code phase and Doppler frequency hypotheses [1]. A
hypothesis testing is performed by a correlation and integration,
and the total number of code phase hypotheses and that of
Doppler frequency hypotheses depend on the code length of
spreading sequence and the coherent integration interval T,
respectively. Since the code length is a multiple of Lc(=1023)

chips in GNSS, and the Doppler frequency of a GNSS signal is
between −5 kHz and +5 kHz, the number of total hypotheses
can be a multiple of 2Lc�2×104T+1�. For example, for legacy
Global Positioning System (GPS) receivers using T =10−3s the
number of total hypotheses to test is 42Lc so that it takes 42LcT
seconds for a receiver to test all the hypotheses serially with a
single correlator. Therefore, for a fast signal acquisition GNSS
receivers may need a large number of parallel correlators, which,
in general, increases the hardware complexity of receivers.

Alternatively, a GNSS receiver may be equipped with a
digital signal processor (DSP) that computes Y and X, the
Fast Fourier Transforms (FFT) of the incoming GNSS signal
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samples and receiver generated replica signal for a Doppler fre-
quency hypothesis to test, respectively, and performs an inner-
product (i.e., Y · X∗) and an inverse FFT (IFFT) of Y · X∗ to
obtain auto-correlation function (ACF) output at all code phases
for a Doppler frequency hypothesis being tested, where (·) and
()∗ represent the inner-product and the complex conjugate oper-
ation, respectively. This FFT-based technique [2] is widely used
recently as DSP becomes cheaper. To reduce the computational
complexity of the FFT-based technique, there have been a num-
ber of studies introduced in the literature. Averaging correlator
(AC) technique [3] is a useful fast FFT-based technique when
the sampling rate is much larger than the chip-rate, shifting
replica (SR) technique [4] circularly shifts the components of Y
to obtain Y′ and computes IFFT of Y′ · X∗ to find ACF outputs
for a Doppler frequency at 1/THz apart from the previously
tested Doppler frequency, and block averaging pre-processing
(BAP) technique [5] reduces computational cost for long co-
herent integration by applying FFT operation to the 1 ms signal
sample block that is made of Doppler frequency compensated
incoming GNSS signal samples averaged over multiple 1 ms
blocks. The BAP and the fast BAP techniques require only
50% and 10% of the conventional FFT-based technique for
weak and strong GNSS signal detection, respectively; however,
the 10 times lower computations with the fast BAP technique
renders strong noise amplification and limited application of
the technique only to strong signals. Recent folding techniques
[6] and [7] and FFT-based two-dimensional compressed cor-
relator (TDCC) technique [8] achieve fast acquisition with low
computational cost, however, these techniques suffer from SNR
loss more or less as the folding number and compression rate
increases, respectively.

Other techniques enhance the sensitivity of GNSS receivers
at the cost of additional hardware. A-GPS (Assisted-GPS)
technique [9] and [10] utilizes a prompt wireless connection
to a GPS-synchronized base station to receive fine timing and
frequency assistance, and hybrid GPS receiver [11] makes use
of wireless connection to other nodes and inertial measurement
unit (IMU) to lower the computational complexity in long co-
herent integration. Recent multi-satellite maximum likelihood
(MSML) acquisition technique [12] can reduce the computa-
tional cost for the simultaneous acquisition of multiple satellites
in A-GPS [9], where the detection sensitivity improvement is
from compensating the interference to weak signals from strong
satellites.

To detect weak GNSS signals (for example, C/N0 <

30 dB-Hz), a standalone GNSS receiver may either perform a
coherent integration with long coherent interval T(� 1 ms) or
a non-coherent accumulation of multiple (Nnc � 1) coherent
integration outputs with a short coherent integration interval
Tco. In practice, however, both are computationally expensive;
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the longer coherent integration interval T causes larger number
of Doppler frequency hypotheses to test because of the smaller
Doppler frequency search step size �f � 1

2T and requires addi-
tional computations for bit transitions [13]. On the other hand,
the non-coherent accumulation scheme renders overall integra-
tion interval NncTco much longer than T to compensate the large
squaring loss [9]. Therefore, the increase of computational cost
in the weak GNSS signal detection is inevitable.

In this paper, we investigate the problem of reducing the
computational cost for the FFT-based parallel correlation tech-
nique using long coherent integration interval T. We propose
the synthesized Doppler frequency hypothesis testing (SDHT)
technique that, utilizing the test results of a subset of all Doppler
frequency hypotheses, can estimate the test results of entire
Doppler frequency hypotheses with low computations. For ex-
ample, a GNSS receiver may perform FFT-based parallel code
phase search for Doppler frequency hypotheses at 1

2T1
apart

with a coherent integration interval T1(= 1)ms for RT(� 1)

successive times, and the results can be utilized to estimate
the FFT-based parallel code phase search for all other Doppler
frequency hypotheses at 1

2RT T1
apart with low computational

cost. We provide the theoretical performance analysis of the
proposed technique and performance comparison with other
techniques to show the advantage of the proposed technique. It
is demonstrated that the proposed technique reduces the com-
putational cost of weak GNSS signal acquisition significantly
and achieves faster signal acquisition than the conventional
techniques.

The rest of this paper is organized as follows. In Section II,
we analyze the complexity in detecting weak GNSS signals. In
Section III, we introduce the component algorithms used for the
proposed technique. Section IV provides in-detail realization of
the proposed technique, and Section V shows the analysis of
the performance and mean acquisition computation (MAC)
of the proposed technique. The advantage of the proposed
technique in comparison to other techniques is demonstrated
using numerous Monte Carlo simulation results in Section VI,
and, finally, Section VII concludes this paper.

Throughout this paper, following conventions are used for
notations. Vectors or matrices are denoted by boldface symbols.
Small letters are used for scalars and vectors, and capital letters
are used for matrices and FFT output. Some of the key variables
used in this paper are listed with definitions in Table II in
Appendix C.

II. COMPLEXITY IN WEAK SIGNAL DETECTION

In this paper, among various GNSS signals, we use BPSK
modulated L1 frequency GPS coarse/acquisition (C/A) code
signal to explain the proposed technique as one of the most
widely used GNSS signals. However, the principle of the pro-
posed technique is directly applicable to BOC signals.

Let y(t) represent incoming GPS satellite signals that are
down-converted to an IF frequency fI as

y(t) =
K∑

k=1

AkDk(t − τk)P
k(t − τk)e

j(2π(fI+f k
D)t+θk) + v(t), (1)

where Ak, τk, f k
D, and θk represent the amplitude, code phase,

Doppler frequency, and unknown carrier phase of the k-th GPS
signal, respectively, and Dk(t), Pk(t), v(t) are the GPS naviga-
tion data with bit duration Tb(= 20 ms), pseudo-random noise
(PRN) sequence signal with code length Lc(= 1023) chips and
code period T1(= 1 ms) (i.e., chip rate Rc = 1.023 MHz), and
complex Gaussian noise with two-sided power spectral density
(PSD) N0/2, respectively. In general, |f k

D| ≤ 5 kHz, and Dk(t)
can be assumed a constant during T for T < Tb. The IF signal
y(t) passes through a bandpass filter whose center frequency is
at fI with a bandwidth B ≥ 2Rc.

To detect weak GNSS signals, higher sampling rate fs(�
2Rc) and longer correlation length T(� Tb) are two of the most
preferred choices for GNSS receivers. However, when T is large
(i.e., T � Tb), the number of Doppler frequency hypotheses
to test should be large, and Dk(t) cannot be assumed constant
during T so that the resulting ACF output is a function of code
phase, Doppler frequency, and navigation data. Let T = RTT1
and RT be an integer power of 2. To detect the weak signal y(t)
from an auto-correlation function (ACF) output, the receiver
generates a receiver replica signal

x(t) = Di(t − τp − tb)P(t − τp)e
j(2π(fI+fF)t+θ0), (2)

where

τp = p�τ (3a)
tb = b�b (3b)
fF = fi + F�f (3c)

represent the code phase, navigation data bit delay, and Doppler
frequency hypotheses made by the receiver, respectively, and
�τ = 0.5[1/Rc], 1 ≤ �b ≤ 10, and �f = 1/(2T) [Hz] are the
search step sizes for the code phase, navigation data bit bound-
ary, and Doppler frequency used in this paper, respectively.
The quantity fi is the lowest possible Doppler frequency of
y(t), and p = 0, 1, . . . , pm − 1, b = 0, 1, . . . , bm − 1, and F =
0, 1, . . . , Fm − 1 are the indices of the code phase, bit bound-
ary, and Doppler frequency hypotheses, respectively. Therefore,

pm = Lc/�τ (4a)
bm = 20/�b. (4b)

Let Di be the i-th navigation data sequence hypothesis in SD

that includes all possible navigation data sequences during T
such that

Di ∈ SD = {{+1,+1, . . . ,+1}, {+1, . . . ,+1,−1}, . . . ,
{+1,−1, . . . ,−1}}

= {D1, D2, . . . , DNs} (5)

where ‖Di‖0 = Rb + 1, 1 ≤ i ≤ Ns, and Ns = 2Rb is the num-
ber of all possible sets of navigation data sequences relative to
the first data bit within T for RbTb ≤ T < (Rb + 1)Tb. Consid-
ering the code phase, Doppler frequency, navigation data, and
bit boundary, the auto-correlation function (ACF) output can be
expressed as a four-Dimensional function as

R4[p, F, i, b] = 1

T

∫ t0+T

t0
y(t)x(t)∗dt, (6)
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where (·)∗ denotes the complex conjugate operation. Notice
that we use the continuous-time mathematical expression in (6)
for algebraic simplicity.

For coherent integration [14] with long correlation interval
T, the number of total hypotheses to test to completely define
R4 (6) can be as large as

NH
co = pmFmbmNs. (7)

For example, for T = 0.5 s, �τ = 0.5Tc and �b = 5, it results
in NH

co � 251.

III. COMPONENT ALGORITHMS FOR LOW

COMPUTATIONAL DETECTION

In this section, we introduce the key component algo-
rithms that used to realize the proposed technique described in
Section IV. Note that some of the key variables used in this
section are described in Table II.

A. Estimating Test Results of Close Doppler
Frequency Hypotheses

In this subsection, we derive algebraic expressions to esti-
mate the test result (i.e., ACF output) of a Doppler frequency
hypothesis utilizing the test result of a close Doppler frequency
hypothesis. This algorithm can be applied to multiple succes-
sive ACF outputs over time, making the estimation of the test
result of a Doppler frequency hypothesis with a long coherent
integration interval T possible with the test results of a close
Doppler frequency hypotheses over multiple short coherent
intervals.

When T = T1, it can be assumed that Di = D (constant)
without loss of generality, and, as a result, R4 (6) collapses to a
2-Dimensional function R2 whose continuous-time mathemat-
ical expression is already available in [8] and is written below

R4[p, F, i, b]|T=T1

= AD

T1

∫ t0+T1

t0
P(t − τk)P(t − τp)e

j(2πδFt+φ)dt + w

= AD sin(πδFT1)

πδFT1
× sin (πδF(Tc − |δτ |))

sin(πδFTc)

× ej(2πδFt0+πδFT1−πδF |δτ |+φ) + w

= R2[p, F], (8)

where δF = f k
D − fF , δτ = τk − τp, and

w = 1

T1

∫ t0+T1

t0

[ K∑
v=1,v �=k

AvDv(t − τv)P
v(t − τv)

× ej(2π(fI+f v
D)t+θv) + v(t)

]
x(t)∗dt

� 1

T1

∫ t0+T1

t0
v(t)x(t)∗dt (9)

is a complex Gaussian noise with two-sided power spectral
density N0/2.

The goal is to enhance the sensitivity of a GPS receiver by
extending T much larger than T1 such that T = RTT1 � T1,
while employing high sampling rate fs allowed by the receiver
hardware. Let the expression in (8) is over an interval T1 within
a much wider interval [0, T] such that [lT1, (l + 1)T1] ⊂ [0, T],
where 0 ≤ l < RT , then we can

R4[p, F, i, b]|t0=lT1,T=T1

= AD
sin(πδFT1)

πδFT1
× sin (πδF(Tc − |δτ |))

sin(πδFTc)

× ej((2l+1)πδFT1−πδF |δτ |+φ) + w
= R3[l, p, F]. (10)

When |δτ | � Tc, (10) can be further simplified to

R3[l, p, F] � AD sin(πδFT1)

πδFT1
ej((2l+1)πδFT1+φ) + w. (11)

Note that (11) reveals the phase change of R3 with respect to
l and F. From (11), it can be found that, for a fixed l, small
frequency index offset fo, and |δτ | � Tc

E
[
R3[l, p, F + fo]

]
� AD sin

[
π(δF − fo�f )T1

]
π(δF − fo�f )T1

ej[(2l+1)π(δF−fo�f )T1+φ], (12)

from which we develop a relationship between (11) and (12) as

E
[
R3[l, p, F + fo]

] sin(πδFT1)

πδFT1
ej(2l+1)π fo�f T1

� E
[
R3[l, p, F]] sin

[
π(δF − fo�f )T1

]
π(δF − fo�f )T1

. (13)

The above expression (13) verifies that the amplitude and phase
of the ACF output for a close Doppler frequency hypothesis
with an index F + fo can be estimated by utilizing the ACF
output for a Doppler frequency hypothesis with a neighboring
or close index F. Note that since the sinc(·) function in (13)
is an even function, E[R3[l, p, F]] can be used to estimate
E[R3[l, p, F − fo]], too. Inversely, when the correct Doppler
frequency hypothesis index is F + fo and R3[l, p, F] is obtained,
we can estimate R3[l, p, F + fo] as

E
[
R3[l, p, F]] sin

[
π(δF − fo�f )T1

]
π(δF − fo�f )T1

e−j(2l+1)π fo�f T1

� E
[
R3[l, p, F + fo]

] sin(πδFT1)

πδFT1
. (14)

The expressions in (13) and (14) show that the estimated
amplitude of the ACF outputs (i.e., R3[l, p, F] and R3[l, p, F +
fo], respectively) are slightly smaller than the true value.
Fig. 1 shows the magnitude and phase of the estimated ACF
output E[R3[l, p, F + fo]] using E[R3[l, p, F]] with respect to
f0 in unit of 1/(2T)Hz. Note that the amplitude decrease of
E[R3[l, p, F + fo]] in (14) and in Fig. 1 does not imply the
decreased noise power as well. However, from (14), when the
frequency offset fo satisfies

|fo�f T1| � 1, (15)
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Fig. 1. Peak amplitude degradation in SDFT.

the amplitude decrease of E[R3[l, p, F ± fo]] is negligibly small
so that the SNR decrease can be negligible. In a general form,
(13) can be written as

E
[
R3[l, p, F]]=α(fo)E

[
R3[l, p, F+fo]

]
ej(2l+1)π fo�f T1, (16)

where

α(fo) � sin(π fo�f T1)

π fo�f T1
. (17)

Since �f = 1/(2T), the equation (15) is equivalent to |fo| �
2RT , and

|fo| ≤ 2RT

Mf
= fm, (18)

is a useful condition to have α(fo) � 1 for 1 � Mf � RT .
Fig. 1 shows that the peak amplitude of ACF output decreases
only about 10% (i.e., α(fo) = 0.9) when fo = RT/2. Therefore,
we use the maximum allowed Doppler frequency offset fm =
RT/2 to estimate and the maximum frequency offset factor
Mf = 4 in this paper.

When the indices of the correct navigation data Di and bit
boundary tb hypotheses are denoted as i1 and b1, respectively,
and 1 � Mf � RT ,

E
[
R4[p, F, i1, b1]

]

� AD

T

∫ t0+T

t0
P(t − τ )P(t − τp)e

j(2πδFt+φ)dt (19a)

�
RT−1∑
l=0

E
[
R3[l, p, F]] (19b)

= α( fo)
RT−1∑
l=0

E
[
R3[l, p, F + fo]

]
ej(2l+1)π fo�f T1 . (19c)

From (13), (14), and (19c), it is found that the result of a coher-
ent integration with a long interval T and a Doppler frequency
hypothesis F (or F + fo) can be estimated from the sum of

RT partial coherent integrations over RT successive integration
segments [lT1, (l + 1)T1] (l = 0, 1, . . . , RT − 1) using a close
Doppler frequency hypothesis F + fo (or F).

Note that instead of the conventional FFT-based coherent
correlation technique with a long integration interval T that
requires

Mc = fsT[log2(fsT) + 1] (20)

complex multiplications to test each Doppler frequency hypoth-
esis, where fs is the sampling frequency, we exploit (19c) and
perform RT FFT-based partial coherent correlations with a short
integration interval T1, which requires only

Mp,F = fsT[log2(fsT1) + 1] (21)

complex multiplications for a Doppler frequency hypothesis.
The complexity of the component algorithm derived in this
subsection is further reduced by half in the realization of SDHT
technique in Section IV-B.

B. Proposed Sample Compression for Fast Processing

To increase the detection sensitivity of a GPS receiver,
fs � 2Rc and B � 2Rc are useful choices in practice, and we
assume fs = qcRsRc, where qc and Rs are positive integers
larger than 1. Since fs � 2Rc and T � T1, the computational
cost for a long coherent integration scheme can be huge. In
this subsection, we propose a sample compression (SC) tech-
nique that reduces the number of signal samples to process to
reduce the number of complex multiplications in the acquisition
process; the proposed SC technique produces ysc[n] from the
original signal samples y[n] that is obtained from y(t) sampled
at t = nTs = n/fs as

ysc[n] =
Rs−1∑
m=0

y[Rsn + m]e−j2π(fI+fF)(Rsn+m)+θ0, (22)

where Rs = fs/(qcRc) is the sample compression rate per chip,
and qc represents the number of compressed samples per chip
(Tc) after the SC technique. Note that qc = fs/(RsRc) ≥ 2 is
required for the conventional code phase search to maintain
�τ ≤ Tc/2. Note also that the proposed SC technique (22) is
different from the averaging correlator (AC) technique [3] in
that the AC technique uses qc = 1 to minimize the number of
samples to process, and the AC technique needs to test Rs sets
of data samples for Rs different chip boundary hypotheses.

Utilizing (19c) and (22), the total number of complex multi-
plications required for a Doppler frequency hypothesis testing
can be as small as

Mp,S = qcRcT
[
log2(qcRcT1) + 1

]
, (23)

which is about Rslog2(fsT)/log2(fsT1/Rs) times smaller than
Mc (20). However, the proposed SC technique can loose SNR
depending on the size of qc. With the SC technique, there
are qc − 1 compressed samples with amplitude RsAk and one
compressed sample with amplitude from 0 to RsAk depending
on the polarity of the next PRN code chip and sampling offset
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to the chip boundary. Considering the randomness of the PRN
code and the sampling offset, the expected amplitude of the one
compressed sample is 3RsAk/4. As a result, the SNR loss due
to the SC technique for qc ≥ 2 and Rs ≥ 2 can be expressed as

Lsc = 20log10

(
1

Rsqc

[
Rs(qc − 1) + 3Rs

4

])

= 20log10

(
1 − 1

4qc

)
, (24)

which is about 1.16 dB and less than 0.56 dB for qc = 2 and
qc ≥ 3, respectively.

IV. PROPOSED LOW COMPUTATIONAL WEAK

GNSS SIGNAL DETECTION TECHNIQUE

In this section, we provide the complete description and
step-by-step realization of the proposed low computational
weak GNSS signal detection technique. In Section IV-A, we
propose the sparse Doppler frequency search (SDFS) technique
that tests sparsely located (i.e., with large frequency spacing
1/(2T1)) Doppler frequency hypotheses so that the ACF out-
puts are utilized by the SDHT technique. In Section IV-B, we
develop an algebraic expression to further reduce the compu-
tational cost in exploiting the component technique derived
in Section III-A, which constitutes the SDHT technique that
completes the tests of all Doppler frequency hypotheses with a
much smaller frequency search step size 1/(2T)(� 1/(2T1))

and a long coherent integration interval T. In Section IV-C,
we provide a brief description of the navigation data and
bit boundary hypotheses testing scheme. The SC technique
introduced in Section III-B can be applied to both SDSF and
SDHT techniques. Note that some of the key variables used in
this section are described in Table II in Appendix C.

A. Sparse Doppler Frequency Search (SDFS)

For a long coherent integration interval T and the Doppler
frequency range [−5, 5] kHz, the conventional GNSS signal
acquisition techniques need to test total

Fm = 2 × 104T + 1 (25)

Doppler frequency hypotheses. However, using (16) and (18)
with T1 = 1 ms, we can restrict the number of Doppler fre-
quency hypotheses to be tested with actual correlations to

Fn,1 = 104T/fm + 1

= 5Mf + 1, (26)

which is only 21 Doppler frequencies evenly distributed with
2fm�f Hz spacing. In this paper, we call the actual correlation
operations for the 21 sparsely located Doppler frequency hy-
potheses the sparse Doppler frequency search (SDFS) in com-
parison to the narrowly spaced Fm(� 21) Doppler frequency
hypotheses to be tested for T � T1. Note that 2fm�f Hz is a
sufficient Doppler frequency spacing to apply the SDHT tech-
nique, however, the Doppler frequency spacing can be smaller
or larger than 2fm�f Hz depending on the SNR loss allowed.

In the following analysis, we exploit the FFT-based technique
in [2] as one of the common implementation schemes for
GNSS receivers. Let l = 0 and fc = 0 represent the first partial
correlation with a short interval T1 and the first sparse Doppler
frequency hypothesis in SDFS, respectively. The 1st step of
the SDFS is to obtain a pseudo-baseband signal samples of the
received signal

y[n] = y(nTs)e
−j2π fInTs, (27)

for n = 0, 1, . . . , fsT − 1. The 2nd step is to apply the SC
technique (22) to y[n] to obtain ysc[n]. Note that y[n] has at
most 5 kHz Doppler frequency, and that the SC technique
integrates the successive samples of y[n] within an interval
much narrower than a chip width Tc(� 1 μs). Therefore, we
can neglect the effect of phase difference between the samples
of y[n] and assume there is no distortion to the signal due to the
SC technique.

Let q1 be the number of compressed samples of ysc(=
{ysc[n]|n = 0, 1, . . . , fsT1/Rs − 1}) within T1, and let Q1 be the
smallest integer power of 2 that is greater than or equal to 2q1
(i.e., Q1 ≥ 2q1) required for FFT operation. The 3rd step is to
perform Q1-point FFT of yz

sc, that is ysc padded with Q1 − q1
zeros as

yz
sc[n] =

{
ysc[n], 0 ≤ n < q1

0, q1 ≤ n < Q1,
(28)

to develop YF
sc. The 4th step is to perform the FFT-based

correlation YF
sc · (XF)∗, where (·) represents the inner product

operation, where (XF)∗ is the complex conjugate of the Q1-
point FFT output of x[n] obtained by sampling

x(t) = P(t − τp)e
−j2π(fi+�f fc)nTs (29)

at a sampling frequency qcRc, and fc is an index of

fc = {0, 2fm, . . . , 10Mf fm} (30)

representing the set of sparse Doppler frequencies spaced at
2fm�f Hz apart. And the 5th step uses the first q1 samples of
Ryx, the Q1-point IFFT output of YF

sc · (XF)∗, to obtain an ACF
output R3 as

R3[l, q, 2fmfc] =
{

Ryx(q), 0 ≤ q < q1

0, q1 ≤ q < Q1,
(31)

where l = 0 and fc = 0. The above five steps are repeated
with new signal samples for successive integration intervals
[lT1, (l + 1)T1] for all l ∈ l = {0, 1, . . . , RT − 1}, and, as a
result, we build R3[l, q1, 0], where q1 = {0, 1, . . . , q1 − 1}.
Furthermore, by repeating the above procedure with fc = 1,
the receiver can obtain R3[l, q1, 2fm], ACF outputs at the
next sparse Doppler frequency hypothesis, and, likewise, the
receiver can obtain R3[l, q1, fc] and complete SDFS. Each ACF
output of the SDFS, the ACF output for each fc of matrix
R3[l, q1, fc], is tested for the navigation data and bit boundary
hypotheses, which is briefly described in Section IV-C.
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Note that the SR technique [4] can be used to construct YF
sc;

YF
sc is computed for RT successive short coherent intervals, and,

for each of Fn,1 sparse Doppler frequency hypotheses, SDFS
performs circular shift of YF

sc to change Doppler frequency
hypothesis, RTQ1 frequency-domain multiplications, RT times
Q1-point IFFT operation, and RT times phase compensation
to the q1-elements of the IFFT outputs. Therefore, exploit-
ing the SR technique and assuming (XF)∗ is pre-computed
and stored in a memory of the receiver [2], the number of
complex multiplications for SDFS is RTQ1 log2 Q1 + (5Mf +
1)RT[Q1 log2 Q1 + Q1 + q1].

B. Synthesized Doppler Frequency Hypothesis Testing (SDHT)

When no signal detection is declared at the end of the SDFS,
we estimate another set of new ACF outputs R3[l, q1, f(1)

c ]
for the 5Mf intermediate Doppler frequency hypotheses in-
between every two neighboring Doppler frequency hypotheses
tested in SDFS, where

f(1)
c = {fm, 3fm, . . . , (10Mf − 1)fm}. (32)

The new ACF output matrix R3[l, q1, f(1)
c (mf )] for a intermedi-

ate Doppler frequency f(1)
c (mf ) (where mf is an index in 0≤mf <

5Mf ) is easily estimated with the algebraic sum of R3[l, q1,

fc(mf )] and R3[l, q1, fc(mf +1)]; the sum of two ACF outputs,
for the same l∈ l and q∈q1 and any neighboring sparse Doppler
frequency hypotheses fc(mf ) and fc(mf +1), becomes

R3[l, q, 2fmmf ] + R3[l, q, 2fm(mf + 1)]
= E

[
R3[l, q, 2fmmf ]

] + E
[
R3[l, q, 2fm(mf + 1)]]

+
∫ (l+1)T1

lT1

2v(t)P(t − τq)

T1
ej2π[fi+fm(2mf +1)]�f t

× cos(2π fm�f t)dt

= 2α(fm) cos

(
(2l + 1)π fm

2RT

)
E

[
R3[l, q, fm(2mf + 1)]]

+
∫ lo+T1

lo

2v′(t)
T1

cos(2π fm�f t)dt

= 2α(fm) cos(
(2l + 1)π fm

2RT
)E

[
R3[l, q, fm(2mf + 1)]] + w′

(33a)

= R(1)
3 [l, q, fm(2mf + 1)], (33b)

where

v′(t) = v(t)P(t − τq)e
−j2π[fi+fm(2mf +1)]�f t (34a)

w′ =
∫ (l+1)T1

lT1

2v′(t)
T1

cos(2π fm�f t)dt, (34b)

and the notation R(1)
3 in (33b) represents the weighted ACF out-

put matrix estimated using the proposed SDHT technique for
Doppler frequency hypotheses in f(1)

c . Note that v′(t) (34a) has
the same PSD to v(t) in (1), and that w′ (34b) has

√
2 times the

PSD of v′(t). Note also that the cosine term in (33a) never be-
comes zero, since RT is an integer power of 2 and fm �RT . Com-
puting (33b) for all l(∈ l={0,1, . . . ,RT −1}), q(∈q1 ={0, 1, . . . ,

q1−1}), and mf (∈{0,1, . . . , |f(1)c ‖0−1}) produces R(1)
3 [l, q1, f(1)c ].

The weighted ACF matrix R(1)
3 for each Doppler frequency

in f(1)
c is then de-weighted to estimate the normalized ACF

matrix R3 and tested for navigation data and bit boundary
hypotheses described in Section IV-C. The de-weighting of R(1)

3
is to multiply 0.5[cos[(2l + 1)π fm/(2RT)]]−1 to the l-th row of
R(1)

3 for all l ∈ l such that

0.5

cos
(

(2l+1)π fm
2RT

)R(1)
3 [l, q1, fm(2mf + 1)]

= α(fm)E
[
R3[l, q1, fm(2mf + 1)]] + 0.5w′

cos
(

(2l+1)π fm
2RT

)
= α(fm)E

[
R3[l, q1, fm(2mf + 1)]] + w′′. (35)

Note that E[R3[l, q1, fm(2mf + 1)]] is estimated from a simple
sum in (33a) and a real value multiplication with α(fm), which
further saves computational cost from the component technique
derived in Section III-A. Note also that for fm = RT/2∣∣∣∣cos

(
(2l + 1)π fm

2RT

)∣∣∣∣
−1

= √
2, (36)

so that w′′ has the same PSD to w in (9), and since α(fm)�0.9
when fm =RT/2 as shown in Fig. 1, a slight SNR loss (about
1 dB) is expected in the ACF output estimated by the SDHT tech-
nique. In a matrix form, (35) can be equivalently expressed as

C(1)R(1)
3 [l, q1, fm(2mf + 1)]

= α(fm)E
[
R3[l, q1, fm(2mf + 1)]] + w′′ (37)

where

C(1)(l, q) = 1

2

[
cos

(2l + 1)π fm
2RT

]−1

δ[l − q], (38)

and δ[l−q] is the Dirac delta function [16]. As a result, SDFS in
Section IV-A and R(1)

3 complete Doppler frequency hypothesis
tests for a finer Doppler frequency search resolution fm�f .

Similar procedure can be used to estimate ACF output matri-
ces with much finer Doppler frequency hypotheses. Using R3[l,
q1, fc] (31) and R3[l, q1, f(1)

c ] (37), we can estimate R(2)
3 for

10Mf intermediate Doppler frequency hypotheses with indices

f(2)
c =

{
1

2
fm,

5

2
fm, . . . ,

20Mf − 1

2
fm

}
(39)

at the middle of every two neighboring Doppler frequency
hypotheses in fc ∪ f(1)

c as

R3[l, q1, 2fmmf ] + α(fm)E
[
R3[l, q1, fm(2mf + 1)]] + w′′

� 2α

(
fm
2

)
α(fm)E

[
R3

[
l, q1, fm

(
2mf + 1

2

)]]

× cos

(
(2l + 1)π fm

4RT

)
+ w′

1 (40a)

� 2α(fm)E

[
R3

[
l, q1, fm

(
2mf + 1

2

)]]
cos

(
(2l + 1)π fm

4RT

)
+ w′

1 (40b)

� R(2)
3

[
l, q1, fm

(
2mf + 1

2

)]
, (40c)
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and

α(fm)E
[
R3[l, q1, fm(2mf + 1)]] + R3

[
l, q1, 2fm(mf + 1)

]
+ w′′ � R(2)

3

[
l, q1, fm

(
2mf + 3

2

)]
, (41)

for mf = 0, 1, . . . , 5Mf − 1, where w′
1 is a complex Gaussian

noise with the same PSD to w′ in (33a), and, based on Fig. 1,
α(fm/2) � 1 is assumed. By de-weighting R(2)

3 in (40c) and
(41), we now complete all the Doppler frequency hypothesis
tests for a Doppler frequency search step size fm�f /2.

In a general form,

R(h)
3

[
l, q1, fm

(
2mf + 2g − 1

2h−1

)]

=
1∑

i=0

R3

[
l, q1, fm

(
2mf + 2g − 2i

2h−1

)]
, (42a)

and

R3

[
l, q1, fm

(
2mf + 2g − 1

2h−1

)]

= C(h)R(h)
3

[
l, q1, fm

(
2mf + 2g − 1

2h−1

)]
, (42b)

where h = 1, 2, . . . , �1 + log2fm�, g = 1, 2, . . . , 2h−1, and

C(1)(l, q) = 1

2

[
cos

(2l + 1)π fm
2hRT

]−1

δ[l − q]. (43)

The process in (42a) and (42b) realizes the SDHT technique.
Each of 2h−1 × 5Mf ACF matrices R3 computed from (42a)
and (42b) is tested for the navigation data and bit boundary
hypotheses introduced in Section IV-C. Similarly, when no
signal detection is declared after all R3 (42b) are tested, we
increase h by one and repeat the SDHT, which can continue
until 21−hfm�f ≤ �f , or, equivalently, until h = 1 + log2fm for
fm an integer power of 2.

Fig. 2 demonstrates the performance of the SDHT in terms
of the post-correlation SNR of R3 obtained from Monte Carlo
simulations. It shows the plots of

∑RT
l=0 C(h)R(h)

3 , where the
horizontal axis is the relative code phase from the true code
phase, and the effect of navigation data and sample compression
is not considered to see the pure effect of SDHT only on SNR.
The simulation is performed for a GPS L1 C/A code signal with
C/N0 = 40 dB-Hz and a receiver using B = 2.046 MHz, fs =
12Rc, and RT = 16. Note that the expected post-correlation
SNR is supposed to be 20 dB when Doppler frequency hypothe-
sis test is actually performed using the conventional correlation
technique. However, when the SDHT is used with fm =RT/2=
8, it shows that the post-correlation SNR has about 1 dB loss,
since α(fm) � 0.9 as expected. And when fm = 12 > RT/2,
SNR loss larger than 1 dB is expected as α(fm) < 0.9.

Since there are maximum

Fn,2 = Fm − Fn,1 = Fm − 5Mf − 1 = 5Mf (2fm − 1) (44)

Fig. 2. Probability of detection w.r.t. the SNR of y0.

Doppler frequency hypotheses to test with the SDHT technique,
both the maximum number of real multiplications and that of
complex additions are equal to

NM = q1RTFn,2 (45)

to complete the estimation of R3 for all RT partial coherent in-
tegrations with an interval T1, q1 code phases, and Fm Doppler
frequencies. Note that, to apply SDHT, R3 in (42a) and (42b)
should be obtained with the same received signal samples so
that R3 contains the same navigation data.

C. Navigation Data and Bit Boundary Hypothesis Testing

In this subsection, we explain a simple algorithm for the
navigation data and bit boundary hypothesis testing with a given
ACF output. For a given Doppler frequency hypothesis with an
index F, R3 obtained in the Section IV-A and Section IV-B
can be expressed by two-dimensional matrix R2[l, q1] =
R3[l, q1, F] of size [RT × q1]. And, for algebraic simplicity, we
assume that RTT1 = RbTb so that RT is a multiple of 20, since
T1 = 1 ms and Tb = 1 ms.

Since R2 is built with RT successive ACF outputs, there are
Rb or Rb + 1 navigation data bits that contribute to R2. Let

bu
i =

[
bu

0, b20
1 , . . . , b20

Rb−1, b20−u
Rb

]
(46)

define the sample vector of the navigation data signal Dk(t)
obtained at a sampling frequency 1/T1 [Hz] for the overall
coherent integration interval T, i.e., bu

i is of size [1 × RT ],
where i represents the index of SD such that

SD[i] = Di = [b0, b1, . . . , bRb−1, bRb], (47)

and bu
g represents u times occurrence of the g-th navigation bit

bg (∈ {1,−1}). Since there are 2Rb different sets of bu
i assuming

b0 = 1, and considering the bit boundary search step size �b,
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there are 2RbTb/(T1�b) hypotheses for the navigation data and
bit boundary combination, and u in (46) is assumed in unit
of �b. Let B be a matrix whose columns are the successive
samples of navigation data Dk(t) sampled at 1/T1 [Hz], then the
size of B is [2RbTb/(T1�b) × RT]. Taking the product of B and
R2 and absolute operation yields a size [2RbTb/(T1�b) × q1]
matrix

YF = |BR2|, (48)

which contains coherent ACF outputs for all possible com-
binations of code phase, navigation data, and bit boundary
hypotheses for a given Doppler frequency hypothesis (with an
index F) and the overall integration interval T.

Note that the matrix multiplication in (48) can be effectively
performed using only 2Rbq1(RT − 1)Tb/(T1�b) times of com-
plex additions or complex subtractions, since the elements of
B are just +1’s and −1’s. In addition, finding the maximum of
YF does not require to take absolute operation in (48) for all
elements; since we can estimate the noise variance V0 (52b), el-
ements of YF whose real and imaginary magnitudes are smaller
than

√
V0 may be eliminated in the absolute operation. Note

also that, when the Doppler frequency hypothesis is correct,
there can be only one ACF output in YF that contains the
coherent sum of signal energy in r(t) for T seconds and is
expected to have the maximum ACF peak magnitude. Letting
Ymax be a size [1 × Fm] vector whose F-th element is the
maximum element of YF (i.e., Ymax(F) = max YF), Ymax can
be used to find the index of the correct Doppler frequency
hypothesis of the incoming signal as

F̂ = arg max
F

Ymax, (49)

and, then, the maximum element of YF̂ is used to estimate
the indices of the correct code phase, navigation data, and bit
boundary hypotheses of the incoming signal as

[p̂, î, b̂] = arg max
p,i,b

YF̂. (50)

Note that the maximum element of YF̂ indicates the correct
code phase within �τ , but the navigation data and the bit
boundary found with YF̂ may not be always correct. For exam-
ple, if all the navigation data bits are +1’s, the data bit boundary
is obscure and YF̂ can have Tb/(T1�b) similar amplitude peaks.
In addition, when u is small (for example, u < 5) in (46),
correct detection of the first data bit may be difficult and a false
bit detection can occur, of which effect on the post-correlation
SNR, however, may be negligible.

V. PERFORMANCE ANALYSIS

In this section, the performance of the proposed technique
based on SDFS and SDHT is analyzed in terms of mean
acquisition time (MAT) [14] and mean acquisition computation
(MAC). We exploit the FFT-based (parallel acquisition) tech-

Fig. 3. Circular search state diagram of FFT-based technique.

nique in additive white Gaussian noise (AWGN) channels. The
SNR of the detection variable Z = max Y2

F̂
is defined as [9]

coherent SNR of Z [dB] = 10log10
E[Z]
V0

, (51)

where

E[Z] = (AT1RT)2 (52a)
V0 = N0T1RT . (52b)

The detection variable Z is then compared to a detection
threshold γ to confirm the detection. Therefore, the detection
variable and the decision scheme of the proposed technique
are identical to those of the conventional parallel coherent
correlation technique using FFT, i.e., the FFT-based technique
[9]. As a result, the receiver operating characteristic (ROC) of
the proposed technique has a very similar performance to the
conventional technique except that there is about 1 dB SNR loss
in the detection variable due to the SC technique.

Since the proposed technique employs an FFT-based parallel
search over the entire code phase space, there are two different
types of false alarms possible [17]; a false alarm with proba-
bility PF under the correct Doppler frequency hypothesis HDF

1
and another false alarm with probability Pf under an incorrect
Doppler frequency hypothesis HDF

0 . The PF, Pf , detection prob-
ability PD, and miss probability PM of the proposed technique
are readily available from [17] and written in Appendix A.
Mathematical expression for the MAT of the proposed tech-
nique employed in FFT-based technique can be easily found by
exploiting those expressions in the conventional parallel search
technique [14].

Fig. 3 illustrates the circular search state diagram of the
proposed technique, where an arrow represents an FFT-based
parallel code phase hypothesis testing for a Doppler frequency
hypothesis HDF represented by a node. The overall transfer
function H(T) and branch transfer functions shown in Fig. 3 are
written in Appendix B. Note that, in (61), (62a), (62b), and
(62c), it is assumed that it takes T seconds to test R3 for each
Doppler frequency hypothesis in (31) and (42b) (i.e., for each
h ∈ {0, 1, . . . , log2fm}). However, the proposed technique may
not require T seconds for each of Fm Doppler frequency hy-
potheses; depending on the computational speed and capacity
of the receiver, the proposed technique may require only T
seconds to test 2fm Doppler frequency hypotheses. Assuming
enough computational speed and capacity of the receiver, the
proposed technique using SDFS and SDHT may spend only
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TABLE I
COMPARISON OF TOTAL NUMBER OF COMPLEX MULTIPLICATIONS N2D

T/(2fm) seconds, in average, to test each Doppler frequency
hypothesis. Then the MAT of the proposed technique is found
in unit of T exploiting [14] and [15]

μT = 1

2fm

dH(T)

dT

∣∣∣∣
T=1

= 1

2fm

[
pv+ 1 + pvPf

PD
+(Fm−1)

(
1

PD
− 1

2

)
(1+pvPF)

]
,

(53)

where pv is the number of tests in the verification process.
Note that the μT in (53) shows the MAT can be 2fm times
smaller than the conventional FFT-based (parallel acquisition)
technique.

Mean acquisition computation (MAC) in [8] and [15] shows
the mean computational cost for the GNSS signal acquisition,
therefore, the MAC is an important measure to show the advan-
tage of the proposed technique. The overall transfer function for
the computational complexity can be found as [15]

G(C) =
GD(C)

[
1 − GFm

0 (C)
]

Fm[1 − G0(C)]
[
1 − GM(C)G(Fm−1)

0 (C)
] . (54)

where C denotes the unit computational complexity for a
complex multiplication, and the correct hypothesis detection,
correct hypothesis missed, and incorrect hypothesis branch
transfer functions are found as

GD(C) = PDCNc,1+Nc,p (55a)
GM(C) = PMCNc,1 + Pf CNc,1+Nc,p (55b)
G0(C) = (1 − PF)CNc,1 + PFCNc,1+Nc,p , (55c)

respectively, where Nc,1 and Nc,p are the average number of
complex multiplications for a Doppler frequency hypothesis
and that for a verification such that

Nc,1 = Fn,1

Fm
RT(Q1log2Q1 + Q1 + q1) + Fm − Fn,1

Fm

RTq1

2

= RT

5Mf · 2fm + 1

[
(5Mf + 1)(Q1log2Q1 + Q1 + q1)

+ 5Mf q1

(
fm − 1

2

) ]
(56a)

Nc,p = 2pv q1RT , (56b)

where the verification process is assumed to perform time-
domain correlations between yz

sc (28) and x (29) for pv times.
The circular search state diagram in Fig. 3 also shows the
branch transfer functions (55a), (55b), and (55c), and the MAC
of the proposed technique in unit of C can be found as [15]

μC = dG(C)

dT

∣∣∣∣
C=1

= Nc,p

(
1 + Pf

PD

)
+ Nc,1

PD
+ (Fm − 1)

× (Nc,1 + Nc,pPF)

(
1

PD
− 1

2

)
, (57)

after some algebraic manipulations. When the C/N0 is high
enough, Pf → 0, PF → 0 and PD → 1 so that (57) becomes

μC|SNR↑ = 2pv q1RT + RT

2

[
5Mf q1

(
fm − 1

2

)

+ (5Mf + 1)(Q1log2Q1 + Q1 + q1)

]
, (58)

where the first term is for the verification process and the second
term is the average computational cost for the search process.

VI. COMPLEXITY COMPARISON AND

NUMERICAL SIMULATIONS

Let N2D be the total number of complex multiplications
required to test all the hypotheses in the 2-Dimensional (code
phase and Doppler frequency) search space. In Table I, N2D’s
of the proposed, AC, and SR techniques are summarized for
two cases: long coherent integration with interval T = RTT1
for data free signals and non-coherent integration for data
modulated signals, where RT is an integer power of 2, T1 =
1 ms, and Nnc is the number of non-coherent accumulation
of short coherent integrations with interval Tco = RTcoT1. In
addition, Table I includes N2D’s of the BAP technique and the
fast BAP technique for weak and strong GNSS signal detection,
respectively. In Table I, the verification processes of the three
techniques employ pv time-domain correlations [18].
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A. Computational Cost

In the proposed technique, FFT of Q1 compressed and
zero padded received signal samples (i.e., yz

sc) is performed RT

times, 2 times the second term of (58) are required to search the
whole 2D hypotheses space using SDFS and SDHT, and the
computation size for the verification process is the same to
the first term of (58). For coherent integration, since there are
qcRs samples per chip and LcRT chips in T, the AC technique
[3] performs 2L′

cRT -point FFT of the zero padded received
signal samples for qcRs times, the 2L′

cRT -point FFT output is
multiplied to the (frequency domain) receiver replica signal for
FmqcRs times, and 2L′

cRT -point IFFT is performed for FmqcRs

times, where Fm is the total number of Doppler frequency
hypotheses to test (25). Note that padding 2RT(L′

c − Lc) zeros
to the received signal samples is necessary for the FFT-based
correlation [19]. In the verification process, pv times of time-
domain correlations are performed with sample length 2LcRT

(i.e., 2 samples per chip), where the received signal samples
are multiplied by carrier signal samples and code replica signal
samples.

In the following, (→ Mc) represents that there are Mc com-
plex multiplications required to perform the operation described
on the left.

The BAP and the fast BAP techniques [5] are for the
long coherent integration of weak and strong GNSS signals,
respectively. While the fast BAP technique suffers from se-
vere (more than 10 dB) SNR loss due to the squaring of
signal samples when SNR is low, the BAP technique does
not have SNR loss. The BAP technique generates RT sets of
incoming signal samples multiplied by Doppler frequencies
within [0, 1

2T1
] spaced at 1

2T1RT
Hz (→ RT × qcRsLcRT ). For

each set of samples, the BAP technique averages over blocks
and generates zero padded block averaged data of size RsQ1,
performs FFT-based technique on the zero padded block aver-
aged data for all 21 coarse Doppler frequencies spaced at 0.5
kHz within [−5, 5]kHz (→ 21RT × RsQ1[2 log2(RsQ1) + 1]).
Note that the frequency shifts for 21 Doppler frequencies are
not counted, since it can be done in the frequency domain by
circular shifting of the FFT’d samples [4]. In the fast BAP
technique, the block averaged data is squared and FFT’d to
find the Doppler frequency (→ qcRsLc + RsQ1 log2[RsQ1]),
and, then, the estimated Doppler frequency is compensated
and additional FFT-based technique is applied to find the
code phase (→ qcRsLc + RsQ1[2 log2(RsQ1) + 1]), which is
performed for each of RT sets of sample data.

In the SR technique [4] for a long coherent integration, the
received signal samples are re-arranged to form a [qcRsLc ×
RT ] matrix U, where qcRsLc is the number of total samples per
a period of the PRN code, and the input processing sequence
is as follows; first, FFTs are applied to the rows of U and yield
UF,L (→ qcRsLc × RT log2 RT ), second, element-wise Doppler
compensation is performed by computing C � UF,L to produce
UC,F , where C is the Doppler compensation matrix and (�)

is an element-by-element multiplication between two matrices
(→ qcRsLcRT ), and, third, FFTs are applied to the columns of
UC,F and generate UF (→ RT × qcRsLc log2[qcRsLc]). In the
search process of the SR technique, the receiver computes FFT

Fig. 4. N2D for a coherent integration.

of the receiver replica signal to obtain VF
1 of size [1 × qcRsLc],

performs an element-by-element multiplication with the each
columns of UF (i.e., (VF∗

1 ) ◦ UF , where Av(◦)AM represents
element-by-element multiplication of vector Av with the each
columns of AM , → qcRsLcRT ), and computes column-wise
IFFT of (VF∗

1 ) ◦ UF (→ RT × qcRsLc log2[qcRsLc]), which
produces RT ACF function outputs for Doppler frequency
hypotheses separated at 1/T around a Doppler frequency. This
procedure is repeated for 21 circularly shifted vector of VF

1
to test all 21 coarse Doppler frequencies spaced at 1 kHz
from −5 kHz to 5 kHz. The above search process needs to be
performed with VF

2 that is an FFT of the receiver replica signal
with a Doppler frequency 500 Hz to test 20 coarse Doppler
frequencies at 1 kHz from −4.5 kHz to 4.5 kHz.

Fig. 4 shows the total number of complex multiplications
N2D for the four techniques performing coherent integrations
with the same interval T, as compared in Table I. The fast BAP
technique may achieve the highest acquisition speed for strong
signals, however, as it suffers from a large SNR loss (more than
10 dB) for weak signals, the effective N2D for the fast BAP
technique should be at least 10 times larger T. Note that in
Table I, the BAP technique has log2(RsQ1) term that can be
much larger for FFT operation in practice when Rs is not an
integer power of 2, which is neglected in Fig. 4. As shown, the
proposed technique requires much less computation than the
AC technique by 10 to 100 times, and the proposed technique
requires a few to several times less computation than the BAP
and SR techniques for T � 1 s.

B. Mean Acquisition Computation

The MAC of the AC, BAP, and proposed techniques is
evaluated by 105 Monte Carlo simulations for a GPS receiver
with B = 2.046 MHz and fs = qcRsRc searching for a C/A
code signal with T = RTT1 = RT ms, qc = 4, Rs = 3 and pv =
10. In addition, the MAC of the proposed technique is also
evaluated based on the MAC expression (57) and the estimated
PD, PM , Pf , and PF with measurements of real GPS signals
whose signal powers are C/N0 � 20, 22, 26, 30 dB-Hz. In the

Authorized licensed use limited to: Korea Advanced Inst of Science & Tech - KAIST. Downloaded on July 15,2021 at 09:13:10 UTC from IEEE Xplore.  Restrictions apply. 



2376 IEEE JOURNAL ON SELECTED AREAS IN COMMUNICATIONS, VOL. 33, NO. 11, NOVEMBER 2015

Fig. 5. MAC comparison for a coherent integration.

MAC evaluations shown in Fig. 5, the effect of the navigation
data and bit boundary is not considered, i.e., the target signal
is a data-free signal and the receiver oscillator is stable dur-
ing RT ms. In the simulations, all three techniques use pre-
determined detection thresholds for CFAR (constant false alarm
rate) PF = 5 × 10−3, and complex multiplication for the FFT
of receiver replica signal is not counted, since a receiver may
have the FFT’d receiver replica signal stored in a memory.
For the proposed technique, fm = RT/2 and Mf = 4 from (18)
are used so that there are only 21 sparse Doppler frequencies
for the SDFS. In the AC technique, qcRs times coherent FFT-
based correlations (of length 2RcT) are performed to test qcRs

sample offsets for each Doppler frequency hypothesis; there
are Fm = 161 and Fm = 321 Doppler frequency hypotheses for
T = 8 ms and T = 16 ms, respectively. In the BAP technique,
since RT = 8 and 16, we generate 8 and 16 equally spaced
Doppler frequencies to test between [0, 500] Hz, which is
smaller number than 20 used in [5]. As shown in Fig. 5, the
MAC of the proposed technique evaluated from simulations
follows the MAC based on real GPS measurement data and is
much smaller than those of the AC and BAP techniques. For
T = 8 ms and T = 16 ms, the proposed technique only requires
about 20 and 30 times less complexity, respectively, than the AC
technique for all C/N0, and requires about 5 and 3 times less
complexity, respectively, than the BAP technique for all C/N0.
Note that when the signal is strong enough, it is expected from
Fig. 5 that the MAC is about the half of N2D shown in Fig. 4.
Note also that considering the results in Fig. 4, the performance
of the SR technique is expected to have couple of times larger
MAC than the proposed technique.

The analysis of the MAT (53) and MAC (58) in this pa-
per is for AWGN channels, and in the presence of strong
multipath carrier phase distortion in the received signal may
appear and the performance degradation can be expected.
However, since the proposed technique requires much smaller
MAT and MAC than other coherent integration techniques, the
proposed technique suffers much less from strong multipath
signals.

Fig. 6. T vs. Tnc to achieve 10 dB target post-RSS SNR.

C. Complexity Comparison to Non-Coherent Techniques

The simulation results in Fig. 4 and Fig. 5 and the algebraic
expressions in Table I are for coherent integrations. However,
for a weak GPS signal detection, non-coherent accumulation of
multiple coherent integration results is a widely used technique
in practice for receivers to avoid the negative impact of bit
transition. However, when the target signal is weak, a coherent
integration over a small interval Tco shorter than the bit width
(Tco > Tb) may results in a very small or even negative coherent
SNR, and there may be a negative impact of squaring loss on
the final post-RSS (root-sum-of-squares) SNR [9]. As a result,
the number of non-coherent accumulations Nnc should be much
larger than RTco = T/Tco to compensate the SNR degradation.
Fig. 6 shows the total correlation length T of the proposed tech-
nique and Tnc = NncTco of non-coherent integration techniques
to achieve 10 dB post-RSS SNR for three Tco values 5T1, 10T1,
and 20T1 and for two sampling rates qcRs = 2 and qcRs = 12,
where qcRs = 2 represents a normal sampling rate fs = 2Rc. As
expected, the coherent integration using the proposed technique
requires much smaller total correlation length T than Tnc in all
cases. For an example with the AC technique, when C/N0 =
5dB-Hz, Tco = 10 ms, 2.046 MHz pre-correlation bandwidth,
and qcRs = 12 are assumed, the expected coherent SNR (before
squaring) is −7 dB (=5 dB-Hz − 63 dB + 51 dB) and the
squaring loss is about −7 dB [9], which results in −14 dB
post-RSS SNR so that the additional gain of 24 dB from Nnc

should be obtained to achieve the target post-RSS SNR (10 dB).
Notice that Nnc � 250 (equivalently, Tnc = 2500 ms) achieves
the additional 24 dB as shown.

Fig. 7 compares N2D required to achieve 10 dB post-RSS
SNR for the proposed, AC, and SR techniques for weak GPS
L1 C/A code signals (i.e., 0 dB-Hz ≤ C/N0 ≤ 30 dB-Hz). In the
simulations, it is assumed that the navigation data bit boundary
is aligned with the boundary of Tco for a simplicity and that
qcRs = 12, and Tco = 5T1, 10T1, and 20T1 are tested. As
shown, the proposed technique has much (from a few to about
hundred times) smaller N2D than the AC and SR techniques for
almost all C/N0 values.
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Fig. 7. N2D to achieve 10 dB target post-RSS SNR.

VII. CONCLUSION

A low computational long coherent integration technique
based on SDFS and SDHT has been proposed in this pa-
per. It has been found that, using the proposed SDFS and
SDHT, a number of Doppler frequency hypothesis tests can
be performed without actual correlations between the incoming
signal and the receiver replica signal. As a result, it has been
demonstrated that the proposed SDFS and SDHT technique
can reduce the computational complexity of the acquisition
of severely attenuated GNSS signals significantly. The per-
formance of the proposed technique has been numerically
evaluated, demonstrated with real GPS measurements, and the
numerous Monte Carlo simulation results have shown a good
match to the theoretical performance estimates. From numerical
simulations, it has been shown that the proposed technique
requires multiple times less complex multiplications than the
conventional techniques, and that the computational advantage
of the proposed technique increases as the strength of the
received signal decreases.

APPENDIX A

The PF, Pf , and probabilities of detection and miss are

PF = 1 −
[

1 − exp

(−γ

V0

)]q1

(59a)

Pf =
[

1 −
[

1 − exp

(−γ

V0

)]q1−1
]

×
⎡
⎣1−

q1−1∑
k=0

(
q1 − 1

k

)
(−1)k

1 + k
exp

( −kZ

(1 + k)V0

)⎤
⎦ (59b)

PD = Q

(√
2Z

V0
,

√
2γ

V0

)

×
⎡
⎣q1−1∑

k=0

(−1)k
(

q1 − 1

k

)
1

1+k
exp

( −kZ

(1 + k)V0

)⎤
⎦ (59c)

PM = 1 − PD − Pf (59d)

TABLE II
KEY VARIABLES AND DEFINITIONS

respectively, where Q(a, b) is the Marcum’s Q-function [20]

Q(a, b) =
∫ ∞

b
x exp

(−(x2 + a2)

2

)
I0(ax) dx. (60)

APPENDIX B

Since there are Fm Doppler frequency hypotheses to test for
the conventional parallel search techniques, the overall branch
transfer function of the conventional parallel search tech-
nique is

H(T) = HD(T)[1 − HFm
0 (T)]

Fm[1 − H0(T)][1 − HM(T)HFm−1
0 (T)] , (61)

where the correct hypothesis detection, correct hypothesis
missed, and incorrect hypothesis branch transfer functions are
found as

HD(T) = PDTpv+1 + (1 − PF)T + (1 − Pf )T (62a)

HM(T) = PMT + Pf Tpv+1 (62b)

H0(T) = (1 − PF)T + PFTpv+1, (62c)

respectively, and Tpv is the penalty time for verification [18].

APPENDIX C

Table II lists the key variables with definitions.
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