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Fast Multi-Satellite ML Acquisition for A-GPS
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Abstract—Successful position fix in harsh environments such as
indoors and dense urban canyons is a strongly required capability
for an assisted global positioning system (A-GPS) receiver. In
recently developed cellular networks, receiving fine time assistance
and maintaining high-frequency accuracy using downlink mea-
surements are not possible for A-GPS receivers, since node-Bs
are asynchronous and are not equipped with a source for precise
time and frequency. In this paper, we propose a correlator-based
fast multi-satellite maximum likelihood (MSML) algorithm, for
A-GPS receivers in asynchronous networks, that achieves fast
acquisition utilizing fast computation techniques. From numer-
ous Monte Carlo simulations, it is demonstrated that the pro-
posed fast MSML algorithm, when compared with conventional
correlator-based acquisition techniques used in standalone GPS
and A-GPS receivers, provides higher detection sensitivity for
weak signals in the presence of other strong signals by removing
strong inter-satellite interference (ISI).

Index Terms—Assisted global positioning system (A-GPS),
asynchronous cellular network, multi-satellite maximum likeli-
hood (MSML).

I. INTRODUCTION

A SSISTED Global Positioning System (A-GPS) has been
the enabler of many mobile location-based services (LBS)

and is the most popular mobile location technology in recent
years. Using acquisition and sensitivity assistance from cel-
lular networks [1] and [2], an A-GPS receiver can achieve a
faster signal acquisition and higher detection sensitivity than
standalone GPS receivers. The acquisition assistance conveys
information about the prompt code phase (i.e., fine timing) and
precise Doppler frequency of GPS signals measured by the
nearest base station so that an A-GPS receiver in the coverage
area of the base station can significantly reduce the size of
two-dimensional (code phase and Doppler frequency) search
space. For example, in synchronized networks such as IS-95
and CDMA2000, the clock and frequency source to generate
downlink channels is a GPS-synchronized oscillator in the base
station so that the downlink signal can provide a fine time
reference with microseconds of uncertainty [1] as well as a
precise frequency reference to an A-GPS receiver. However,
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in asynchronous networks, such as Global System for Mobile
(GSM) [3], 3rd Generation Wideband Code Division Multiple
Access (3G WCDMA) [4], and 4G Long Term Evolution (LTE)
[5], node-Bs are not using GPS so that the timing and frequency
accuracy of downlink signals are not very reliable for A-GPS
receivers. In addition, due to internal processing errors, clock
and frequency signals generated from downlink measurements
by a user equipment (UE) can be as poor as ±0.2 ppm [6].

There have been a number of GPS signal search techniques
introduced in the literature [7]–[12], and the search techniques
utilize auto-correlation between the incoming signal and a re-
ceiver replica signal. Among serial search techniques, double or
multiple dwell serial search techniques have become a popular
choice to reduce mean acquisition time (MAT) [8], and the
Two-Dimensional Compressed Correlator (TDCC) technique
[9] is one of the recent techniques achieving a small MAT.
Due to the evolution of electronics, parallel search techniques
using frequency domain multiplications can be efficiently im-
plemented in a cheap DSP (Digital Signal Processor) [7],
[10]–[12]. The (dual) folding technique [13] and [14] is in-
troduced recently to quickly acquire an incoming GPS signal.
However, these auto-correlation-based search techniques often
suffer from inter-satellite interference (ISI), when a target GPS
signal to detect is much weaker than other incoming GPS sig-
nals. In practice, strong ISI occurs very often in harsh GPS
environments, since GPS signals are designed to have similar
power levels when arriving at a ground receiver in open sky
environments.

There have been a few studies on the simultaneous acquisi-
tion of multi-satellites (MS) to improve the detection sensitivity
for weak GPS signals introduced in the literature. In [15], a
maximum likelihood (ML) multi-satellite acquisition algorithm
similar to the ML direction finding algorithm for array antenna
systems is introduced. The ML algorithm in [15] searches all
the possible code phase and Doppler frequency hypotheses with
a fine resolution and shows significant SNR improvement in
detecting weak GPS signals in the presence of stronger GPS
signals, but the algorithm is computationally expensive. In [16],
a coherent MS acquisition technique is proposed for an A-
GPS system in a synchronous cellular network, where it is as-
sumed that a synchronized node-B can provide UE fine timing
and frequency reference as well as the precise carrier phase
measurements of all GPS satellites in view. The algorithm in
[16] is not useful to the asynchronous cellular networks and
also requires a huge computational cost. In [17], simultaneous
non-coherent MS acquisition technique that is applicable to
A-GPS in a synchronous cellular network is introduced. In
most previous studies on coherent MS acquisition algorithm
and ML algorithm, computational complexity has been a major
drawback. However, there has been little studies so far to reduce
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the computational complexity required for the MS acquisition
algorithms and MS-ML (or MSML in short) algorithms, and no
MS or MSML algorithm has been investigated for an applica-
tion to the A-GPS system, in asynchronous cellular networks,
where a simple single-satellite (satellite by satellite) acquisition
technique is implemented currently [18].

In this paper, we propose a fast MSML acquisition algo-
rithm applicable to A-GPS receivers in asynchronous cellular
networks. The proposed fast MSML algorithm is different
from the MSML algorithm in [15] in that the proposed fast
MSML algorithm is computationally efficient as it employs
three fast computation algorithms proposed in this paper while
implementable with correlators. The three fast computation
techniques are algebraic approximation of cross-correlations,
deterministic estimation of signal amplitudes and carrier
phases, and search space reduction utilizing relative code phase
and Doppler frequency hypotheses for A-GPS in asynchronous
cellular network. We provide theoretical analysis and perfor-
mance comparison to the conventional correlator-based acqui-
sition techniques using numerous Monte Carlo simulations. The
remainder of this paper is organized as follows. Mathematical
models of the MSML estimation are derived in Section II, and
techniques to reduce mathematical computations for the MSML
estimation in Section II is introduced in Section III. Theoretical
performance analysis are provided in Section IV and simulation
results for the performance and complexity comparison to other
similar techniques are introduced in Section V. The conclusion
is in Section VI.

II. MSML ESTIMATOR

Let rRF (t) be the incoming L1 frequency GPS coarse ac-
quisition (C/A) code signals received by an A-GPS receiver
located at an unknown horizontal location (x, y) connected to
an asynchronous node-B at the origin (0,0). When rRF (t) is
frequency down converted to an IF frequency fIF , the real
valued received IF signal can be expressed as

r(t) =

K∑
k=1

akdk(t− λk)ck(t− λk)

· cos
(
2π
(
fIF + fk

D

)
t+ φk

)
+ n(t), (1)

where K is the number of GPS satellite signals being received,
ak, λk, fk

D, and φk are the slowly varying amplitude, prop-
agation delay, Doppler frequency, and unknown carrier phase
of the kth satellite signal, respectively, dk(t) and ck(t) are the
navigation data bit and pseudo-random noise (PRN) code of
the kth satellite at time t, respectively, and n(t) represents an
additive white Gaussian noise (AWGN) with two-sided power
spectral density (PSD) N0/2. In this paper, it is assumed that
|fk

D| ≤ 5 kHz. Let sk(t) represent the incoming signal of GPS
satellite k estimated by the A-GPS receiver such that

sk(t) = âkck(t− λ̂k) cos
(
2π
(
fIF + f̂k

D

)
t+ φ̂k

)
, (2)

where

Sk =
{
âk, λ̂k, f̂

k
D, φ̂k

}
(3)

is the set of parameters to be estimated for the satellite k,
and âk, λ̂k, f̂k

D, and φ̂k are the estimated signal amplitude,
propagation delay, Doppler frequency, and carrier phase of the
satellite k, respectively, by the receiver. Using (1) and (2), the
MSML estimation can be modeled as

Ŝ = argmax
S

exp

⎛
⎜⎝−

[
r(t)−

∑K
k=1 sk(t)

]2
N0

⎞
⎟⎠

= argmax
S

⎛
⎝2r(t)

K∑
k=1

sk(t)−
[

K∑
k=1

sk(t)

]2⎞⎠ , (4a)

= argmax
S

⎛
⎝2

T∫
0

r(t)

K∑
k=1

sk(t) dt−
T∫

0

[
K∑

k=1

sk(t)

]2
dt

⎞
⎠

(4b)

= argmax
S

(2LAC − LCC), (4c)

where

S = {Sk|k = 1, 2, . . . ,K}, (5)

Ŝ is the solution of the MSML estimator, (4a) can be obtained,
since exp(·) is a monotonically increasing function, and the
MSML estimator in (4b) is an expression realizable with cor-
relators. The first integration in (4b), denoted as LAC in (4c),
shows the auto-correlation between the incoming signal r(t)
and the sum of the receiver replica signal sk(t), the second
integration in (4b), denoted as LCC in (4c), represents ISI,
and T is the integration interval that is assumed to be much
smaller than a bit interval Tb (=20 ms). Note that the MSML
estimator (4c) actually removes the ISI by canceling out the
cross-correaltions LCC from the auto-correlation results LAC .
Note also that there are K auto-correlations to produce LAC

and obtaining LCC requires K(K − 1)/2 cross-correlations
so that K(K + 1)/2 correlations are needed to be done for
every different set of parameters S, which may be too much
computational complexity for a cheap A-GPS receiver.

In the following analysis, we assume that dk(t− λk)(= ±1)
is constant during the short interval T (� Tb) for K(≤ 10)
visible satellites, and that the effect of dk(t− λk) can be
included in the unknown carrier phase φk. In addition, since
c(t) is T1-periodic (T1 = 1 ms), we can substitute λk with τk in
(1) and (2) and assume that 0 ≤ τk ≤ 1 ms and 0 ≤ τ̂k ≤ 1 ms
represent the code phase and the estimated code phase of the
incoming signal of satellite k in seconds, respectively. Defining

αI
k = âk cos(φ̂k) (6a)

αQ
k = âk sin(φ̂k) (6b)

cIk(t) = ck(t− τ̂k) cos
(
2π
(
fIF + f̂k

D

)
t
)

(6c)

cQk (t) = ck(t− τ̂k) sin
(
2π
(
fIF + f̂k

D

)
t
)
, (6d)

sk(t) can be expressed as

sk(t) = αI
kc

I
k(t)− αQ

k c
Q
k (t). (7)
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respectively. Using (7), LAC can be expressed as

LAC =
K∑

k=1

αI
kR

I
k − αQ

k R
Q
k , (8)

where

RI
k =Re{Rk} = Re

⎧⎨
⎩

T∫
0

r(t)
(
cIk(t) + jcQk (t)

)
dt

⎫⎬
⎭ (9a)

RQ
k =Im{Rk} =

T∫
0

r(t)cQk (t) dt, (9b)

and LCC can be expressed as

LCC =

T∫
0

K∑
k=1

K∑
m=1

(
αI
kc

I
k(t)− αQ

k c
Q
k (t)

)

×
(
αI
mcIm(t)− αQ

mcQm(t)
)
dt

=

K∑
k=1

K∑
m=1

⎡
⎣αI

kα
I
m

T∫
0

cIk(t)c
I
m(t) dt

+ αQ
k α

Q
m

T∫
0

cQk (t)c
Q
m(t) dt

− αI
kα

Q
m

T∫
0

cIk(t)c
Q
m(t) dt

− αQ
k α

I
m

T∫
0

cQk (t)c
I
m(t) dt

⎤
⎦ . (10)

Since a multiplication of two sinusoidal signals of frequency
fIF + fk

D and fIF + fm
D is a sum of two sinusoidal signals

of frequencies 2fIF + fk
D + fm

D and fk
D − fm

D (low frequency
term), LCC can be approximated by the low frequency term as

LCC �
K∑

k=1

K∑
m=1

T∫
0

ck(t− τ̂k)cm(t− τ̂m)

×

⎡
⎣
(
αI
kα

I
m + αQ

k α
Q
m

)
2

cos
(
2π
(
fk
D − fm

D

)
t
)

+

(
αI
kα

Q
m − αQ

k α
I
m

)
2

sin
(
2π
(
fk
D − fm

D

)
t
)
dt

⎤
⎦.

(11)

III. PROPOSED THREE COMPUTATION ALGORITHMS

FOR A FAST MSML ESTIMATION

In this section, we propose a fast MSML algorithm that
is composed of three computationally efficient algorithms to
reduce the computational complexity of the MSML estimation
problem in (8) and (11). In the following three subsections,

the three fast computation algorithms, fast search for
{τk, fk

D}, algebraic determination of αk, and approximated
cross-correlations using pre-calculated and stored data, are
introduced.

A. Reduced Search Algorithm for τk, fk
D

As shown in (8) and (11), the MSML estimation (4c) re-
quires the auto-correlations of all GPS signals and the cross-
correlations between every pair of GPS signals in the received
signal r(t). To obtain the auto-correlations, a receiver needs
to perform hypothesis testing over a 2-dimensional search
space for each GPS signal, which requires a huge amount of
computation and hardware resources in the receiver. Similarly,
the cross-correlations require the knowledge of relative Doppler
frequencies between every pair of GPS signals.

In an A-GPS system connected to an asynchronous cellular
network, a remote receiver may utilize the observed code
phases and Doppler frequencies of GPS signals made by a
nearby node-B. In practice, a node-B in 3G or 4G is not syn-
chronized to GPS so that the instantaneous code phase observa-
tion is not valid when it is delivered to the receiver. However,
the code phase difference and the Doppler frequency difference
between any pair of GPS signals are changing slowly and the
measurements made by the remote receiver and the nearby
node-B are very similar, since they are located relatively very
closely. In this subsection, we provide justifications of utilizing
the code phase difference and the Doppler frequency difference
observed by the node-B for the MSML estimation in a remote
A-GPS receiver.

Since an asynchronous node-B can have large clock and
frequency uncertainties, the accurate time, t = t0, when the
prompt code phase and Doppler frequency are measured is
unknown. Therefore, the measurements and the time-tag made
by the node-B are not useful to predict the exact code phase and
the Doppler frequency of the same GPS signal arriving at the
remote A-GPS receiver in a near future time t = t1 = t0 + δt.
However, since the clock rate of the node-B can be assumed
to be constant over a short time interval δt, and the maximum
code phase drift due to the satellite motion is only 3 chips per
second [19], the measurements of the code phase difference
between satellites k and m obtained at t = t0 and t = t1 by
the node-B (denoted as δτBk,m(t0) and δτBk,m(t1), respectively)
are approximately the same as

δτBk,m(t0) � δτBk,m(t1), (12)

where the superscript B is for a measurement by the node-B,
and ti (i = 0 or 1) denotes the time-tag of the measurement.
And we can expect that the A-GPS receiver located at the same
location to the node-B have

δτAk,m(t1)|HL(B) = δτBk,m(t1), (13)

where the superscript A is for a measurement by the A-GPS
receiver, and HL(B) represents the location hypothesis of
node-B. Similarly to (12) and (13), since the frequency drift
of the node-B can be assumed to be constant over δt, and the
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maximum Doppler frequency drift due to the satellite motion is
negligible (less than 1 Hz per second [19]),

δfB
k,m(t0) � fk,B

D

∣∣∣t1 − fm,B
D

∣∣∣
t1

(14a)

� δfA
k,m(t1)|HL(B). (14b)

In 3G WCDMA [4] and 4G LTE [5], the length of a downlink
data frame is only 10 ms, and assistance data generated at t = t0
by a node-B can be delivered to an A-GPS receiver within
the node-B’s service area in less than a few frames. Including
the air propagation delay, the assistance data should arrive
at the A-GPS receiver by t = t1 = t0 + δt, where δt � 0.33 s.

In practice, δτAk,m(t1) (13) and δfA
k,m(t1) (14b) can be dif-

ferent from δτBk,m(t0) (12) and δfB
k,m(t0) (14a), respectively,

depending on the distance between the A-GPS receiver and the
node-B. However, since Doppler frequency measurements of a
satellite signal at two different locations of 1 Km apart is less
than 1 Hz [19], and the radius R of a 3G or 4G node-B (sector)
is usually less than a few Km,

δfA
k,m(t1)�δfB

k,m(t1) + δfe�δfB
k,m(t1)�δfB

k,m(t0) (15)

for a very small δt, where δfe is the maximum relative Doppler
frequency difference between the node-B and the A-GPS re-
ceiver for any two visible satellites so that δfe ≤ 10 Hz can be
assumed. However, in 3G WCDMA and 4G LTE, UE can have
oscillator frequency drift up to ±0.2 ppm [6] which can result
in a maximum UE frequency offset max[fA

e ] = ±350 Hz in
practice, and

fk,A
D (t1) = fk,B

D (t1) + fA
e � fk,B

D (t0) + fA
e . (16)

Note that the frequency offset of the node-B when fk,B
D (t0)

was obtained is already counted in the frequency offset of the
A-GPS receiver fA

e in (16), since the A-GPS receiver relies on
the observed frequency of downlink signals to tune and stabilize
its internal oscillator [6]. Let Δfm be the Doppler frequency
search step size and, in this paper, we assume that Δfm =
1/(2T ) as one of the common choices for GPS receivers
[12]. Therefore, the number of Doppler frequency hypotheses
Df = 21 for T = 1 ms. Since Δfm/2 ≤ max[fA

e ] < Δfm,
the A-GPS receiver needs to test at least NHf

(= 3) Doppler
frequency hypotheses as

fm,A
D (t1) =

⎧⎨
⎩

fm,B
D (t0)−Δf

fm,B
D (t0)

fm,B
D (t0) + Δf

(17)

to detect satellite m signal, where Δf ≤ Δfm. In addition,
since the Doppler frequency of satellite k is

fk,A
D (t1) � fm,A

D (t1) + δfA
k,m(t1) + fA

e

� fm,A
D (t1) + δfB

k,m(t0), (18)

the A-GPS receiver needs to test at least three Doppler fre-
quency hypotheses for any satellite k.

Fig. 1 illustrates an example to describe the difference
between δτBk,m(t1) and δτAk,m(t1) for a node-B at HL(B) =

Fig. 1. An example of the relative pseudo-range.

(0, 0, 0) and an A-GPS receiver at (x, y, 0) in the xyz-
coordinate system. For algebraic simplicity, we assume the
node-B and the A-GPS receiver are on the horizontal plane.
There are two GPS satellites (k and m) at Xk = [xk, yk, zk] and
Xm = [xm, ym, zm], and let their elevation and azimuth angles
seen at the node-B be (Ek, Ak) and (Em, Am), respectively.
The distance to the two satellites from the node-B and the
A-GPS receiver are (lk, lm) and (l′k, l

′
m), respectively. Using

the linear approximation in [20], the pseudorange difference at
the A-GPS receiver is

(l′k − l′m) |t1 � lk − 2xkx+ 2yky − x2 − y2

lk

− lm +
2xmx+ 2ymy − x2 − y2

lm

� (lk−lm)|t1+2

(
xm

lm
− xk

lk

)
x+2

(
ym
lm

− yk
lk

)
y.

(19)

Note that lk − lm is related to the relative code phase difference
δτBk,m(t1), and that the coefficients of x and y in (19) can be
determined using the measurements by the node-B at t = t1
and are not varying significantly during δt. From (12) and (19),

δτAk,m(t1) � δτBk,m(t1) + tkC(x, y)

� δτBk,m(t0) + tkC(x, y), (20)

where

tkC(x, y)=
1

c
mod

[
2

(
xm

lm
− xk

lk

)
x+ 2

(
ym
lm

− yk
lk

)
y, cT1

]
(21)

for any location (x, y) within the coverage area of the node-
B C, and c is the speed of light (= 3× 108 m/s), T1 = 1 ms,
and mod(a, b) represents a modulo b operation. Therefore,
the code phase difference between the satellite k and satellite
m measured by the A-GPS receiver is directly related to the
assistance information such as δτBk,m(t0), Xm, Xk, HL(B),
and the location (x, y). Using (20), the instantaneous relative
code phase of the (target) satellite k to the satellite m is

τAk (t1) = τAm(t1) + δτAk,m(t1)

� τAm(t1) + δτBk,m(t0) + tkC(x, y) (22a)

� τBm(t0) + δτBk,m(t0) + tkC′(x, y), (22b)
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where (22b) can be obtained from (22a) either when Em is
very large (i.e., Em ≈ 90◦) and δt very small or when C ′ has
sufficiently wider area than C to compensate for the difference
τBm(t0)− τBm(t1). In practice, satellite m can be the one whose
elevation angle is the closest to the zenith, but Em can be
slightly smaller than 90◦ and τAk (t1) can be a couple of chip
(Tc) different from (22b). However, when C is defined for a
wide enough area (of radius a few Km), we can assume C ′ � C
in (22b). Therefore, denoting R as the radius of the coverage
area C of the node-B, when the A-GPS receiver is provided the
assistance information

Iτm =
{
δτBk,m(t0), τ

B
m(t0), Xm, Xk, HL(B), R

}
, (23)

the A-GPS receiver in C can find the window of possible
relative code phase of the satellite k to the satellite m as

g−k,m(t0) � τAk (t1) � g+k,m(t0), (24)

where

g±k,m(t0) = τBm(t0) + δτBk,m(t0)±max
[∣∣tkC′(x, y)

∣∣] . (25)

Therefore, there are

NHc
(k) =

⌈
2max

[∣∣tkC′(x, y)
∣∣]

Δt
+ 1

⌉
(26)

code phases to test for the satellite k, where Δt (= 0.5Tc) is
the code phase search step size in seconds. When the A-GPS
receiver is located at the boundary of the coverage area, and
the A-GPS receiver and the satellite k lie at the same azimuth
angle Ak from the node-B, the relative propagation distance of
the satellite k signal arriving at the node-B to that arriving at
the A-GPS receiver is R cos(Ek), and

max
[∣∣tkC′(x, y)

∣∣]
Δt

=
R cos(Ek)

cΔt
. (27)

The proposed fast MSML algorithm can exploit FFT-based
correlations to quickly obtain the auto-correlations RI

k (9a) and
RQ

k (9b) for all k ∈ {1, 2, . . . ,K} and to compute LAC (8) as

LAC =

K∑
k=1

αI
kR

I
k

(
τ̂Ak (t1)

)
− αQ

k R
Q
k

(
τ̂Ak (t1)

)
, (28)

where τ̂Ak (t1) is one of the NHc
(k) possible code phases of the

satellite k (24).

B. Deterministic Algorithm for αk

In this subsection, we develop an algebraic solution to de-
terministically estimate the complex signal amplitudes αk for
k = {1, 2, . . . ,K} at once. For a given set of code phase and
Doppler frequency hypotheses of all K satellites, the real coef-
ficients αI

k (6a) and αQ
k (6b) for the MSML (4c) can be found

by taking partial derivatives of 2LAC − LCC with respect to αI
k

and αQ
k , and set the results equal to zero as

∂(2LAC − LCC)

∂αI
k

=0 (29a)

∂(2LAC − LCC)

∂αQ
k

=0. (29b)

After some algebraic manipulations, (29a) and (29b) result in

RI
k �

K∑
m=1

T∫
0

ck(t− τ̂k)cm(t− τ̂m)

×
[
αI
m cos

(
2πδfA

k,mt
)
+ αQ

m sin
(
2πδfA

k,mt
) ]

dt

�
K∑

m=1

Rc
k,mαI

m +

K∑
m=1

Rs
k,mαQ

m (30a)

RQ
k �

K∑
m=1

T∫
0

ck(t− τ̂k)cm(t− τ̂m)

×
[
αQ
m cos

(
2πδfA

k,mt
)
− αI

m sin
(
2πδfA

k,mt
) ]

dt

�
K∑

m=1

Rc
k,mαQ

m −
K∑

m=1

Rs
k,mαI

m, (30b)

respectively, which are the real and imaginary parts of Rk as
defined in (9a) and (9b), respectively, where

Rc
k,m=

T∫
0

ck(t− τ̂k)cm(t− τ̂m) cos
(
2πδfA

k,mt
)
dt (31a)

Rs
k,m=

T∫
0

ck(t− τ̂k)cm(t− τ̂m) sin
(
2πδfA

k,mt
)
dt. (31b)

As a result, the expressions (30a) and (30b) build a sys-
tem of linear equations with 2K variables, αI

k and αQ
k ,

and 2K measurements, RI
k and RQ

k , since k = 1, 2, . . . ,K.
Defining

α
Δ
=
[
αI
1, α

I
2, . . . , α

I
K , αQ

1 , α
Q
2 , . . . , α

Q
K

]T
(32a)

RA
Δ
=
[
RI

1, R
I
2, . . . , R

I
K , RQ

1 , R
Q
2 , . . . , R

Q
K

]T
(32b)

R
Δ
=

[
Rc Rs

−Rs Rc

]
, (32c)

where

Rc =

⎡
⎢⎢⎢⎣
Rc

1,1 Rc
1,2 . . . Rc

1,K

Rc
2,1 Rc

2,2 . . . Rc
2,K

...
...

. . .
...

Rc
K,1 Rc

K,2 . . . Rc
K,K

⎤
⎥⎥⎥⎦ (33a)

Rs =

⎡
⎢⎢⎢⎣
Rs

1,1 Rs
1,2 . . . Rs

1,K

Rs
2,1 Rs

2,2 . . . Rs
2,K

...
...

. . .
...

Rs
K,1 Rs

K,2 . . . Rs
K,K

⎤
⎥⎥⎥⎦ , (33b)
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and using the matrix inversion lemma [21], the algebraic solu-
tion for α can be obtained as

α = R−1RA =

[
U −VU
VU U

]
RA, (34)

where

U =
(
Rc +RsR

−1
c Rs

)−1
(35a)

V =R−1
c Rs. (35b)

Since computing (35a), (35b), and (34) requires 2K3 + 2K2,
K2, and 6K2 complex multiplications, respectively, the to-
tal number of complex multiplications 2K3 + 9K2 is much
smaller than computing R−1 directly.

C. Fast Cross-Correlation Algorithm

The proposed fast computing algorithm for τk, fk
D, and

αk in Sections III-A and III-B can reduce the computational
complexity of the ML detection, however, there are still a large
number of correlations required for the MSML estimation;
there are K(K − 1)/2 cross-correlations for LCC (11) and αk

for every hypothesis of {τ̂k, f̂k
D}, and K auto-correlations for

LAC (8) for each code phase and Doppler frequency hypoth-
esis of the reference satellite m signal. Considering 2Lc (=
2 · 1023)×NHf

possible code phases and Doppler frequency
ambiguities of the satellite m signal in A-GPS, the total number
of correlations may be too high computational cost for a cheap
A-GPS receiver.

From the analysis in Sections II and III-B, it is clear that
most of computations in the MSML estimation is for the
cross-correlations such as Rc

k,m (31a) and Rs
k,m (31b). To

reduce the computational complexity for the massive cross-
correlations, we propose a numerical approximation method
for the cross-correlations using a set of pre-computed partial
cross-correlation data that can be stored in the A-GPS receiver.
Since the maximum relative Doppler frequency difference
δfA

k,m between satellite m and satellite k is about 10 kHz
(it can be only 5 kHz if the selected reference satellite m is
at the zenith), cos(2πδfA

k,mt) is varying very slowly relative
to the ck(t− τ̂k)cm(t− τ̂m) in the integrals (31a) and (31b).
As a result, denoting NT = fsT = NcNpNq as the number of
total samples during the correlation interval T for a sampling
frequency fs = 1/Ts, it is found that

Rc
k,m =

NcNq−1∑
n=0

(n+1)T
NcNq∫
nT

NcNq

ck(t− τ̂k)

× cm(t− τ̂m) cos
(
2πδfR

k,mt
)
dt (36a)

�
NcNq−1∑

n=0

cos

(
(2n+ 1)πδfA

k,mT

NcNq

)

×

(n+1)T
NcNq∫
nT

NcNq

c(t− τ̂k)c(t− τ̂m) dt (36b)

�
NcNq−1∑

n=0

cos

(
(2n+ 1)πδfA

k,mT

NcNq

)
Rp

k,m(n) (36c)

Rs
k,m �

NcNq−1∑
n=0

sin

(
(2n+ 1)πδfA

k,mT

NcNq

)
Rp

k,m(n), (36d)

where

Rp
k,m(n) =

(n+1)Np∑
l=nNp+1

ck[l − τ̂k]cm[l − τ̂m] (37)

is a partial cross-correlation between the segments of NpTs

long partial PRN code samples ck(t− τ̂k) and cm(t− τ̂m), Nc

is the number of code periods in T . Note that Nq should be
large enough, but it can be sufficiently smaller than Lc so that
Rp

k,m(n) can be pre-computed and stored in a memory of the
A-GPS receiver for all n (= 0, 1, . . . , Nq − 1), k, and m
(k,m ∈ {1, 2, . . . ,K}). In practice, Nq should be multiple
times larger than the maximum number of cycles of the cosine
and sine terms in (36c) and (36d). Fig. 2 shows the approxi-
mation performance of (36c) and (36d) with respect to the true
Rc

k,m (31a) and Rs
k,m (31b) obtained from 105 Monte Carlo

simulations of arbitrary two GPS PRN codes between 1 and
30 with random code phases. The mean approximation error
is zero as expected from (36c) and (36d) and is very small
comparing to the true values of Rc

k,m and Rs
k,m so that the

approximation error cannot make a noticeable contribution to
LCC . Note also that depending on the memory capacity of
an A-GPS receiver, Rc

k,m (31a) and Rs
k,m (36c) can be pre-

computed and stored for every relative Doppler frequency hy-
pothesis between two satellites, which, for T = 1 ms, requires
about 2 × 20 times larger memory than the memory required for
Rp

k,m(n) alone. Using the approximations in (36c) and (36d),
approximation to LCC (11) is derived as

LCC�
K∑

k=1

K∑
m=1

⎡
⎣
(
αI
kα

I
m+ αQ

k α
Q
m

)
2

×
NcNq−1∑

n=0

cos

(
(2n+ 1)πδfA

k,mT

NcNq

)
Rp

k,m(n)

+

(
αI
kα

Q
m − αQ

k α
I
m

)
2

×
NcNq−1∑
n=0

sin

(
(2n+1)πδfA

k,mT

NcNq

)
Rp

k,m(n)

⎤
⎦.

(38)

IV. PERFORMANCE ANALYSIS

In this section, we provide the theoretical performance anal-
ysis of the proposed fast MSML algorithm (i.e., the MSML
estimation using the proposed three fast computation algo-
rithms) in terms of SNR and computational complexity. In
Section IV-A, SNR improvement and detection and false alarm
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Fig. 2. Precision of the numerical approximation to Rc
k,m and Rs

k,m.
(a) Rc

k,m (31a) and Rs
k,m (31b) for Np = 16; (b) Rc

k,m (31a) and Rs
k,m

(31b) for Np = 32; (c) PDFs of approximation errors, Rc
k,m, and Rs

k,m for
Np = 32.

probabilities of the proposed algorithm are investigated, and in
Section IV-B, the computational complexity is analyzed and
compared with other techniques. For SNR and computational
complexity, the conventional FFT-based search technique [11]
and the non-coherent MS acquisition algorithm [17] that is a
computationally more efficient algorithm than a number of MS
and MSML algorithms introduced in the literature are used for
the performance comparison, respectively.

A. Detection Performance

Since the proposed fast MSML algorithm removes the effect
of ISI LCC (38) on the auto-correlation output LAC (8), the
performance should be measured with the interference removed
detection variable of the satellite k as

Z1 =

⎡
⎢⎣

T∫
0

⎡
⎢⎣r(t)− K∑

l=1
l �=k

sl(t)

⎤
⎥⎦ cIk dt

⎤
⎥⎦
2

+

⎡
⎢⎣

T∫
0

⎡
⎢⎣r(t)− K∑

l=1
l �=k

sl(t)

⎤
⎥⎦ cQk dt

⎤
⎥⎦
2

, (39)

and when cIk and cQk are from the correct code phase and
Doppler frequency hypothesis H1 (i.e., cIk|H1 and cQk |H1) the

signal and noise powers in Z1 are

S1 =(Tαk)
2 (40a)

V1 =TN0, (40b)

respectively. In discrete-time domain, T in (40a) and (40b)
is replaced by NT , and the signal-to-noise-ratio (SNR) of Z1

becomes

SNR|Z1
=

NTα
2
k

N0
. (41)

On the other hand, the decision variable of the conventional
correlation technique is

Z2 =
(
RI

k

)2
+
(
RQ

k

)2
, (42)

and the signal and noise powers of Z2 for cIk|H1 and cQk |H1 are

S2 =(Tαk)
2 (43a)

V2 =TN0 + IK−1, (43b)

respectively, so that the signal-to-noise ratio of Z2 is [8]

SNR|Z2
=

N2
Tα

2
k

NTN0 + IK−1
. (44)

The quantity IK−1 in (43b) represents the variance of zero-
mean ISI between satellite k and other K − 1 satellites
such that

IK−1 =

⎡
⎢⎣

T∫
0

cIk

K∑
l=1
l �=k

[
αI
l c

I
l − αQ

l c
Q
l

]
dt

⎤
⎥⎦
2

+

⎡
⎢⎣

T∫
0

cQk

K∑
l=1
l �=k

[
αI
l c

I
l − αQ

l c
Q
l

]
dt

⎤
⎥⎦
2

=V
(
cIk
)2

+ V
(
cQk

)2
. (45)

When there is no Doppler frequency difference between the
satellite signals, the distribution of the variance IK−1 of the
ISI may be approximated by a Gaussian distribution [23].
However, when there are unknown and non-negligible Doppler
frequencies between the satellite signals, the variance IK−1 has
a slightly narrower distribution than when there is no Doppler
frequency [24]. When there is zero relative Doppler frequency
between satellites k and l, rough estimates of V (cIk)

2
and

V (cQk )
2

can be found using Welch bounds [22] as

V
(
cIk
)2

= V
(
cIk
)2 ≤ NTΦ

2
max

2
E

⎡
⎢⎣
⎛
⎜⎝ K∑

l=1
l �=k

αl

⎞
⎟⎠

2⎤
⎥⎦ , (46)

where Φmax is the lower bound on the peak cross-correlation
between an arbitrary pair of Gold sequences. However, there
are non-zero relative Doppler frequency between satellites k
and l, the cross-correlation between any two GPS satellite
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signals shows about −60 dB ∼ −21 dB (with mean about
−35 dB) relative to the auto-correlation [24]. In other words,
the cross-correlation amplitude between satellite k and l is
about 0.001 ∼ 0.0891. Since the interference signals are mu-
tually independent

V
(
cIk
)2

+ V
(
cIk
)2 ≈ N2

T

K∑
l=1
l �=k

β2
l α

2
l , (47)

where 0.001 ≤ βl ≤ 0.0891, and the SNR of Z2 can be ex-
pressed as

SNR|Z2
≈ NTα

2
k

N0 +NT

∑K
l=1
l �=k

β2
l α

2
l

. (48)

In [25], it is indicated that the ISI of a satellite can be small
when T/T1 is large and the Doppler frequency difference is
not close to an integer multiple of 1 kHz, which is the case
for a small βl. Note that both the signal energy and the ISI
increase linearly with NT . Therefore, when NT increases, the
ISI governs the SNR|Z2

so that the SNR|Z2
does not increase

with NT . In addition, when βlαl and NT are large, detection of
a weak target signal from satellite k is not easy as long as the
interference is not removed sufficiently.

In the following, we investigate the performance of the
proposed fast MSML algorithm for TN0 > IK−1 and TN0 <
IK−1, which represent a situation with a strong target signal k
and weak or moderate ISI and another situation with a weak
target signal and large enough ISI to suppress the noise power,
respectively. In fact, TN0 ≈ IK−1 is only a special case when
there is a 3 dB loss in the SNR due to the ISI. Therefore, we
assume that TN0 > IK−1 and TN0 < IK−1 represent most of
the channel conditions in practice. As a result, it can be found
that both Z1 (39) and Z2 (42) can be approximated by a non-
central χ2 distribution with 2 degrees of freedom for cIk|H1 and
cQk |H1 as

P1(Zi) =
1

Vi
exp

(
−Zi + S2

i

Vi

)
I0

(
2Si

√
Zi

Vi

)
, (49)

or a central χ2 distribution with 2 degrees of freedom for cIk|H0

and cQk |H0 as

P0(Zi) =
1

Vi
exp

(
−Zi

Vi

)
(50)

where i = 1, 2 and I0(·) is the zeroth order modified Bessel
function of the first kind, and H1 and H0 represent the correct
hypothesis and incorrect hypothesis in the two-dimensional
search space, respectively. The detection, miss, and false
alarm probabilities are readily available from the literature
[8] and [19]

PD =

∞∫
γi

P1(x) dx =

∞∫
γi/Vi

e−x+μiI0(2
√
μix) dx

=Q

(
Si

√
2

Vi
,

√
2γi
Vi

)
(51a)

Fig. 3. ROC improvement with the proposed fast MSML algorithm.
(a) Scenario 1; (b) Scenario 2; (c) Scenario 3.

PM =1− PD (51b)

PF =

∞∫
γi

P0(x)dx = exp

(
−γi
Vi

)
(51c)

respectively, where μi = S2
i /Vi, γi is the detection threshold

for Zi (i = 1, 2), and Q(a, b) is the Marcum’s Q-function [26].
In fact, when the ISI is not removed in the MSML estimation

(4c), the SNR of the proposed fast MSML algorithm can be
found as (44), whereas the SNR can be as high as (41) when
the ISI is sufficiently removed. The reduction of ISI results in
a narrower distribution of P1(x), which leads to an increase of
PD (51a) when γi is smaller than the mean of the P1(x). On
the other hand, due to the ISI reduction, Vi becomes smaller,
and, thus, PF (51c) becomes smaller. Therefore, the reduction
of ISI increases the receiver operating characteristics (ROC)
performance as shown in Fig. 3.

B. Complexity Issue

In this subsection, we analyze the computational complexity
of the proposed fast MSML algorithm. For simplicity of alge-
braic analysis, it is assumed that the reference satellite m is near
the zenith (i.e., Em � 90◦), and that the elevation angles Ek and
azimuth angles Ak of K − 1 satellites are uniformly distributed
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over [0◦, 90◦) and [0, 360◦), respectively. The assumption may
not represent a general situation, but is sufficient to develop a
rough estimate of the complexity required for the proposed fast
MSML algorithm. In addition, the coverage area C of a node-B
is assumed to be a flat circular area with radius R.

The proposed fast MSML algorithm may perform auto-
correlations in the frequency domain using FFT to compute RI

k

(9a) and RQ
k (9b) for all k ∈ {1, 2, . . . ,K} and estimate LAC .

Letting NT be the number of FFT points, computing RI
k and

RQ
k requires total NT -point FFT for K + 1 times (including

FFT of the incoming signal), KNT complex multiplications in
the frequency domain, and K times NT -point IFFT, so that for
a given Doppler frequency hypothesis the number of complex
multiplications required for LAC is

NAC = (2K + 1)NT log2(NT ) +KNT . (52)

On the other hand, for a given set of K code phases and K
Doppler frequencies of the K satellites, there are K(K − 1)/2
cross-correlations for Rc

k,m and Rs
k,m, NcNq multiplications

for the approximations in (36c) and (36d), and NHc
(k) code

phase hypothesis to test for each satellite. Let the location hy-
pothesis HL(x, y) represent a small horizontal area of Δr2m2

over which K code phases and K Doppler frequencies of
K satellites can be assumed constants. Since fs = 2Rc and
Δt = 0.5Tc, a satellite k at elevation angle Ek can have a
code phase change larger than 0.5Tc at every cΔt/ cos(Ek) =
0.5cTc/ cos(Ek) (=150 m for GPS C/A code signal from 0◦

elevation angle) within C along the direction to the azimuth
angles Ak and −Ak, whereas there is no code phase change
within C along the direction perpendicular to the azimuth
angles Ak and −Ak. In addition, as the elevation angle Ek

increases, cΔt/ cos(Ek) increases. Therefore, the minimum
distance between two points within C for a code phase change
about 0.5Tc is cΔt/ cos(Ek) = 0.5cTc/ cos(Ek) ≥ 0.5cTc, so
that Δr ≤ 150/

√
2 ≈ 100 m can be a sufficient condition to

detect the code phase of the incoming signal in 0.5Tc resolution.
As a result, the total number of complex multiplications for
LCC is

NCC <
πR2K(K − 1)NcNq

2Δr2
(53)

for all location hypotheses HL(x, y) in C. Note that NCC

in (53) is obviously Np times smaller than the number of
complex multiplications for all cross-correlations. In addition,
since computing U (35a) and V (35b) require 2K3 + 3K2

multiplications, obtaining R−1 (34) requires 2K3 + 5K2 mul-
tiplications so that there are

NIV ≤ πR2(2K3 + 9K2)

Δr2
(54)

multiplications to find α for all location hypotheses HL(x, y)
in C. Note that the inequalities in (53) and (54) are from the
fact that the K code phases for a location hypothesis HL(x, y)
are not completely different from the K code phases of the
neighboring location hypothesis HL(x±Δr, y ±Δr), so that
the number of new code phases to test for a location hypothesis
is less than K. Considering NHf

Doppler frequencies, the

total number of multiplications for the proposed fast MSML
algorithm is

Nall = NHf
(NAC +NIV ) +NCC , (55)

since NAC and NIV require RI
k (9a) and RQ

k (9b) for each
Doppler frequency hypothesis. Assuming K = 8, Nc = 1,
NT = 2NcLc (i.e., fs = 2Rc), Nq = 128, Δr = 100 m, R =
2 Km, and NHf

= 3, for an example, Nall < 3(4× 105 + 2×
106) + 4.5× 106 � 1.2× 107. When Nc = 5 (i.e., T = 5 ms)
in the above example, Nall < 3(2.4× 106 + 2× 106) + 2.3×
107 � 3.6× 107, which can take less than a second for a mod-
ern processor capable of GHz computing speed. Comparing to
the conventional FFT-based search in standalone GPS receivers
for T = 1 and 5, where Df = 21, and 105 Doppler fre-
quency hypotheses are tested (assuming Δfm = 1/(2T )), re-
spectively, Nall|conventional = DfNAC � 8.4× 106 and 2.5×
108, respectively. In addition, when compared to A-GPS re-
ceivers using the conventional FFT-based search and utilizing
the proposed reduced search technique NHf

= 3, it becomes
Nall|A−GPS = NHf

NAC � 1.2× 106 and 7.2× 106, respec-
tively. Therefore, the proposed fast MSML algorithm requires
much smaller computations than the conventional FFT-based
standalone GPS search technique, but may require about 5 to
10 times more computations than an FFT-based A-GPS search
technique. In the non-coherent MS acquisition technique [17],
when the GPS receiver uses assistance from an asynchronous
cellular network and FFT-based signal search with T = 1 ms,
the number of complex multiplications is about NHf

NAC

(neglecting the squaring process) which maybe a smaller num-
ber of complex multiplications than the proposed fast MSML
algorithm.

In addition to the receiver computing power for multi-
plications, the proposed fast MSML algorithm requires pre-
computed and stored Rp

k,m, for k,m ∈ {1, 2, . . . ,K}. Since the
size of Rp

k,m is Nq(= NT /(NcNp)) and there are K satellites,
the memory size required to store Rp

k,m is

MR =
K(K − 1)

2
NqNb, (56)

where Nb is the number of bits to express each element of Rp
k,m.

Since each element of Rp
k,m is an inner product between the

partial segments (with length Np 
 1) of two different PRN
codes, Rp

k,m � Np when Np is large. Assuming |Rp
k,m| ≤

16 for Np = 16 (i.e., Nq = 128) and K = 30 (for all GPS
satellites), Nb = 4 bytes and MR � 0.2 Mbyte, which is not
a heavy data size to store for modern portable devices.

V. NUMERICAL SIMULATIONS

In this section, we compare the ROC and SNR improve-
ment with the proposed fast MSML algorithm to those of
conventional techniques. To compare the ROC and detection
probability, we compare the proposed fast MSML algorithm
with the conventional FFT-based search technique, and for the
SNR of a detected satellite signal coherent MSML algorithm
[15], coherent MS acquisition technique [16], and non-coherent
MS acquisition technique [17] are compared. In the following
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TABLE I
C/N0 OF SATELLITE SIGNALS FOR FIG. 3

simulations, it is assumed that K = 8, N0 = −205 dBW/Hz,
and the receiver has a sampling rate fs = 2Rc, pre-correlation
bandwidth B = 2.046 MHz, Nq = 128, Δr = 100 m, R =
2 Km, and correlation length T = Nc ms (= NTTs).

In Fig. 3, numerical evaluation of the ROC with SNR in (41)
and (48) are compared for three scenarios, where a receiver
is trying to acquire a weak target GPS L1 frequency C/A
code signal (i.e., C/N0 is only 28 dB-Hz) with Nc = 5 and
Nc = 10 under a heavy ISI from K − 1 other satellites. The
first scenario represents environments where the strengths of
the K − 1 satellite signals are moderate (i.e., C/N0s are about
38 dB-Hz). The second scenario is when there are two strong
signals (i.e., C/N0 = 48 dB-Hz) and K − 3 moderate signals,
which represents situations when the A-GPS receiver is near a
window inside a building or in urban canyon. The third scenario
represents general environments, where the C/N0s of K − 1
interfering satellites are random and uniformly distributed in
[35, 48] dB-Hz. In all three scenarios, β2

l in (47) is ideally
assumed to have random and uniform distribution within [−60,
−21] dB for all l ∈ {1, 2, . . . ,K − 1} (48). The three scenarios
are summarized in Table I. In Fig. 3, IK−1,1, IK−1,2, and
IK−1,3 denote the total ISI in the first, second, and third scenar-
ios, respectively. Notice that the plots for MSML with [Nc =
5, IK−1,1], [Nc = 5, IK−1,2], and [Nc = 5, IK−1,3] show the
same performance, and that MSML with [Nc = 10, IK−1,2]
and [Nc = 10, IK−1,3] have the same ROC as well, since the
ISI is canceled and only the noise and the target signal define
the SNR (41). It is interesting to observe that conventional tech-
niques with [Nc = 5, IK−1,1], [Nc = 10, IK−1,2], and [Nc =
10, IK−1,3] have similar ROC, because there is a strong ISI
from strong satellite signals. Comparing the plots in Fig. 3,
the proposed fast MSML algorithm can provide higher ROC
improvement for larger Nc, which is expected from (44), since
the effect of interference grows with the correlation length
T = 2NcLc, while the effect of noise has an opposite tendency.

The benefit of the proposed fast MSML algorithm is the
improved detection performance for weak signals. To demon-
strate the advantage over the conventional parallel correlators,
105 Monte Carlo simulations of K(= 8) GPS (C/A code)
signal acquisitions are performed for three signal environments;
the C/N0’s of K satellite signals are [28:1.5:38.5] dB-Hz
(Environments-I), [38:1.5:48.5] dB-Hz (Environments-II), and
[28, 29, 36:1:38, 46:1:48] dB-Hz (Environments-III), which
represent weak signal environments, strong signal environ-
ments, mixed signal environments, respectively, where [a : b :
c] = [a, a+ b, a+ 2b, . . . , a+ �(c− a)/b�b]. The C/N0s of the
K satellites are summarized in Table II. The simulation results
are analyzed to obtain the SNR and probability of detection in
the three environments. In Figs. 4(a)–6(a), the coherent SNR
(i.e., the SNR measured with the correlation output before the
root-sum-of-squares (RSS) operation) [18] is measured for the

TABLE II
C/N0 OF SATELLITE SIGNALS FOR FIGS. 4–6

Fig. 4. Performance of the proposed fast MSML algorithm: Environments-I.
(a) SNR comparison; (b) Probability of detection.

Fig. 5. Performance of the proposed fast MSML algorithm: Environments-II.
(a) SNR comparison; (b) Probability of detection.

proposed detection variable 2LAC − LCC , a detection variable
built by the coherent sum of K auto-correlation results when the
carrier phases φk (k = 1, 2, . . . ,K) are perfectly compensated
(denoted as Max. Coherent in the figures) and a detection
variable built by the non-coherent sum of K auto-correlation
results (denoted as Non-Coherent in the figures). Therefore, it
can be found that the SNR of Max. Coherent and the SNR of
Non-Coherent are the maximum achievable SNRs for coherent
MS acquisition technique [16] and the non-coherent MS ac-
quisition technique [17], respectively. In addition, it should be
noticed that the proposed fast MSML algorithm has a slightly
lower performance than the MSML algorithm in [15], since
the proposed algorithm has a Doppler frequency search step
size of 1/(2T ) which is much smaller than 10 Hz used in
[15]. The results in Figs. 4(a)–6(a) demonstrate that the SNR
of the proposed fast MSML algorithm often becomes higher
than the SNR of Max. Coherent, which is possible because
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Fig. 6. Performance of the proposed fast MSML algorithm: Environments-III.
(a) SNR comparison; (b) Probability of detection.

of the interference cancelation. In Figs. 4(b)–6(b), the prob-
abilities of detection PD of satellite 1, 4, and 8 (i.e., s1, s4,
and s8, respectively) are shown for the proposed fast MSML
algorithm and the conventional correlator-based technique that
obtains the auto-correlation output of each satellite signal
separately. Note that the C/N0’s of the three satellite signals
are [28, 32.5, 38.5] dB-Hz, [38, 42.5, 48.5] dB-Hz, and
[28, 37, 48] dB-Hz for Environments-I, Environments-II, and
Environments-III, respectively. As shown, in most environ-
ments, the proposed fast MSML algorithm has a high proba-
bility of detection PD even for weak satellite signals, and the
PD of weak signals with the proposed fast MSML algorithm is
similar to the PD of the strong satellite signals with the con-
ventional correlator-based technique. In fact, this is because the
proposed fast MSML algorithm detects K satellite signals all
together. However, the detection failure of weak satellite signals
occur when all of the strong satellite signals have the same code
phase delays τk at multiple location hypothesis HL(x, y) within
C. As shown in the simulation results, SNR improvement is the
largest for the satellite 1 (the weakest satellite). It is because the
interference by the other satellites (from 2 to 8) are the biggest
to the satellite 1, whereas the interference to the satellite 8 is
smallest and the SNR improvement is the lowest as expected.

It should be noted that the effect of the number of quantiza-
tion bits Bq is not considered in the simulations, but Bq ≥ 2 is
good enough as many commercial GPS receivers using Bq = 2
can detect strong and weak signals with correlators.

VI. CONCLUSION

Three fast computing algorithms that significantly reduces
computational complexity of multi-satellite maximum likeli-
hood (MSML) estimation have been proposed for A-GPS re-
ceivers in asynchronous cellular networks. The performance
of the proposed algorithm has been tested with numerous
Monte Carlo simulations for GPS L1 C/A code signals. The
simulations have shown that the proposed algorithm can have
a large increase of the detection probability for weak signals
buried under strong GPS signals and noise, which is not easy
with the conventional correlator-based acquisition techniques.
In addition, it has been shown that the proposed algorithm has

lower computational complexity or better performance than the
existing non-coherent MS acquisition technique, coherent MS
technique, and MSML computation algorithm. As expected, it
has been demonstrated that the performance of the proposed al-
gorithm becomes better in weak signal detection when detected
signals are stronger.

APPENDIX

To prove that the difference between (36a) and (36b) is
approximately zero, we define Ac

k,m as

Ac
k,m =

NcNq−1∑
n=0

(n+1)
Ncq∫
n

Ncq

ck(t− τ̂k)cm(t− τ̂m)

×
[
cos

(
2πδfA

k,mt
)
− cos

(
(2n+ 1)πδfA

k,m

Ncq

)]
dt, (57)

where Ncq = NcNq/T . Then, the integration term of (57) is,

(n+1)
Ncq∫
n

Ncq

Fa(t)qa(t)dt = Fa(t)Qa(t)

∣∣∣∣∣∣∣∣

(n+1)
Ncq

n
Ncq

−

(n+1)
Ncq∫
n

Ncq

fa(t)Qa(t) dt

(58)

where

Fa(t) = ck(t− τ̂k)cm(t− τ̂m) (59a)

qa(t) = cos
(
2πδfA

k,mt
)
− cos

(
(2n+ 1)πδfA

k,m

Ncq

)
(59b)

fa(t) =
d

dt
(Fa(t)) (59c)

Qa(t) =

∫
qa(t) dt. (59d)

Therefore,

Qa(t)=

⎡
⎣ sin

(
2πδfA

k,mt
)

2πδfA
k,m

− cos

(
(2n+ 1)πδfA

k,m

Ncq

)⎤⎦
(n+1)
Ncq

n
Ncq

(60a)

=cos

(
(2n+ 1)πδfA

k,m

Ncq

)
1

Ncq

⎛
⎜⎜⎝
sin

(
πδfA

k,m

Ncq

)
πδfA

k,m

Ncq

− 1

⎞
⎟⎟⎠.

(60b)

In (60b), when (δfA
k,m)/Ncq � 1, Qa(t) � 0, and Ac

k,m � 0.

REFERENCES

[1] Position Determination Service Standards for Dual-Mode Spread Spec-
trum Systems—Addendum, TIA/EIA IS-801-1, Mar. 2001.

[2] Stage 2 functional specification of UE positioning in UTRAN, 3GPP TS
25.305 V4.7.0, Dec. 2003.

Authorized licensed use limited to: Korea Advanced Inst of Science & Tech - KAIST. Downloaded on July 15,2021 at 09:02:20 UTC from IEEE Xplore.  Restrictions apply. 



4946 IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 13, NO. 9, SEPTEMBER 2014

[3] Radio Subsystem Synchronization (Release 8), 3GPP TS 45.010 V8.0.0,
May 2008.

[4] User Equipment (UE) Radio Transmission and Reception (FDD)
(Release 8), 3GPP TS 25.101 V8.0.0, Sep. 2007.

[5] Physical Layer Aspects for Evolved UTRA (Release 7), 3GPP TR 25.814
V1.0.1, Nov. 2005.

[6] S.-H. Kong and W. Nam, “A-GNSS sensitivity for parallel acquisition in
asynchronous cellular networks,” IEEE Trans. Wireless Commun., vol. 9,
no. 12, pp. 3770–3778, Dec. 2010.

[7] E. Souour and S. C. Gupta, “Direct-sequence spread-spectrum parallel
acquisition in a fading mobile channels,” IEEE Trans. Commun., vol. 38,
no. 7, pp. 992–998, Jul. 1990.

[8] A. J. Viterbi, CDMA: Principles of Spread Spectrum Communication.
Reading, MA, USA: Addison-Wesley, 1995.

[9] B. Kim and S.-H. Kong, “Two dimensional compressed correlator for fast
acquisition in GNSS,” in Proc. ION ITM, San Diego, CA, USA, Jan. 2013,
pp. 519–525.

[10] Y. Jiang, Z. Shufang, H. Qing, and S. Xiaowen, “A new FFT-based
acquisition algorithm for GPS signals,” in Proc. Int. Workshop ETT/Int.
Workshop GRS, 2008, vol. 2, pp. 415–419.

[11] D. Akopian, “Fast FFT based GPS satellite acquisition methods,” Proc.
Inst. Elect. Eng.—Radar Sonar Navig., vol. 152, no. 4, pp. 277–286,
Aug. 2005.

[12] K. Borre, D. Akos, N. Bertelsen, P. Rinder, and S. Jensen, A Soft-
ware Defined GPS and Galileo Receiver: A Single Frequency Approach.
Cambridge, MA, USA: Birkhaüser, 2007.

[13] C. Yang, J. Vasquez, and J. Chaffee, “Fast direct P(Y)-code acquisition
using XFAST,” in Proc. ION GPS, Sep. 1999, pp. 317–324.

[14] H. Li, X. Cui, M. Lu, and Z. Feng, “Dual-folding based rapid search
method for long PN-code acquisition,” IEEE Trans. Wireless Commun.,
vol. 7, no. 12, pp. 5286–5296, Dec. 2008.

[15] I. F. Progri, M. C. Bromberg, and W. R. Michalson, “An enhanced acquisi-
tion process of a maximum likelihood GPS receiver,” in Proc. ION NTM,
San Diego, CA, USA, Jan. 2004, pp. 390–398.

[16] R. DiEsposti, “GPS PRN code signal processing and receiver design
for simultaneous all-in-view coherent signal acquisition and navigation
solution determination,” in Proc. ION NTM, San Diego, CA, USA,
Jan. 2007, pp. 91–103.

[17] P. Axelrad, J. Donna, and M. Mitchell, “Enhancing GNSS acquisition by
combining signals from multiple channels and satellites,” in Proc. ION
GNSS, Savannah, GA, USA, Sep. 2009, pp. 2617–2628.

[18] F. V. Diggelen, A-GPS: Assisted GPS, GNSS, and SBAS. Norwood, MA,
USA: Artech House, 2009.

[19] E. D. Kaplan and C. J. Hegarty, Understanding GPS: Principles and
Applications, 2nd ed. Norwood, MA, USA: Artech House, 2006.

[20] S.-H. Kong, “Statistical analysis of urban GPS multipaths and pseudo-
range measurement errors,” IEEE Trans. Aerosp. Electron. Syst., vol. 47,
no. 2, pp. 1101–1113, Apr. 2011.

[21] M. H. Hayes, Statistical Digital Signal Processing and Modeling.
Hoboken, NJ, USA: Wiley, 1996.

[22] L. R. Welch, “Lower bounds on the maximum cross-correlation of sig-
nals,” IEEE Trans. Inf. Theory, vol. IT-20, no. 3, pp. 397–399, May 1974.

[23] H. Inaltekin, “Gaussian approximation for the wireless multi-access in-
terference distribution,” IEEE Trans. Signal Process., vol. 60, no. 11,
pp. 6114–6120, Nov. 2012.

[24] S. U. Qaisar and A. G. Dempster, “An analysis of L1-C/A cross correlation
and acquisition effort in weak signal environments,” presented at the
International Global Navigation Satellite Systems Society Symposium,
Sydney, N.S.W., Australia, Dec. 4–6, 2007, Paper 107.

[25] Y. T. J. Morton et al., “Assessment and handling of CA code self-
interference during weak GPS signal acquisition,” in Proc. ION GPS/
GNSS, Portland, OR, USA, Sep. 2003, pp. 646–653.

[26] J. I. Marcum, “A table of Q-functions,” Rand Corp., Santa Monica, CA,
USA, Rep. RM-339, Jan. 1950.

Seung-Hyun Kong (M’06) received the B.S.E.E.
degree from Sogang University, Seoul, Korea, in
1992, the M.S.E.E. degree from the Polytechnic Uni-
versity, Brooklyn, NY, USA, in 1994, and the Ph.D.
degree in aeronautics and astronautics from Stanford
University, Stanford, CA, USA, in 2006.

From 1997 to 2004, he was with Samsung Elec-
tronics Inc. and Nexpilot Inc., both in Korea, where
his research focus was on 2G CDMA and 3G UMTS
PHY and mobile positioning technologies. In 2006,
he was involved with hybrid positioning technology

development using wireless location signature and Assisted GNSS at Polaris
Wireless, Inc. From 2007 to 2009, he was a member of the Research Staff at the
Corp. R&D, Qualcomm Inc., San Diego, CA, USA, where his R&D focus was
on indoor location technologies and advanced GNSS technologies. Since 2010,
he has been an Assistant Professor with the CCS Graduate School for Green
Transportation, Korea Advanced Institute of Science and Technology, Daejeon,
Korea. His research interests include super-resolution signal processing, de-
tection and estimation in navigation systems, and vehicular communication
systems.

Authorized licensed use limited to: Korea Advanced Inst of Science & Tech - KAIST. Downloaded on July 15,2021 at 09:02:20 UTC from IEEE Xplore.  Restrictions apply. 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues false
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


