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A Deterministic Compressed GNSS
Acquisition Technique
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Abstract—In the cold start of a Global Navigation Satellite Sys-
tems (GNSS) receiver, fast acquisition of the GNSS signal requires
either an extensive usage of hardware resources for massive paral-
lel correlators or a high computational complexity for fast Fourier
transform (FFT) and inverse FFT operations. Because GNSS uses
direct-sequence spread spectrum (DSSS) signaling with binary
phase-shift keying (BPSK) or with BPSK and binary offset carrier,
any GNSS signal can have a sparse representation so that the con-
cept of compressed sensing can be applied to detect GNSS signals.
To achieve a fast acquisition of the GNSS signal with a reduced
number of correlators and low computational complexity, we
propose a two-stage deterministic compressed GNSS acquisition
technique using the Walsh–Hadamard matrix. The proposed tech-
nique makes fast acquisition possible for a receiver using a much
smaller number of correlators than the conventional parallel-
correlator-based technique, which requires much less compu-
tational complexity than the FFT-based technique. We provide
complexity analysis of the proposed technique and compare the
statistical performance of the proposed technique with other tech-
niques applicable to the fast GNSS acquisition. The proposed
technique is easy to implement and is the first compressed-
sensing-based GNSS acquisition technique.

Index Terms—Compressed sensing (CS), direct spread
spectrum, Global Navigation Satellite System (GNSS), signal
acquisition.

I. INTRODUCTION

IN a cold start, the first task for a Global Navigation Satel-
lite System (GNSS) receiver is to execute signal acquisi-

tion, which is mostly signal search by testing all likely 2-D
hypotheses of the code phase and the Doppler frequency
of the incoming GNSS signal [1]. For a fast completion of
the signal acquisition task, a conventional receiver is gener-
ally equipped with massive parallel correlators. In general,
it takes a longer acquisition time to test a large number of
hypotheses with fewer correlators. Therefore, reducing both
the number of correlators and the acquisition time in a cold
start is not an easy task for a conventional GNSS receiver. An
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alternative, i.e., the fast Fourier transform (FFT)-based GNSS
signal acquisition technique using a digital signal processor
for fast computation, has gained much attention because it
can quickly complete the hypothesis-testing process without
requiring a large amount of hardware resources, i.e., mas-
sive correlators. In general, the FFT-based technique requires
FFTs of the incoming signal and the receiver’s code replica,
complex multiplications in the frequency domain, and an in-
verse fast Fourier transform (IFFT) of the frequency-domain
signal [2]. To summarize, an ideal GNSS signal acquisition
technique may be the one that can quickly complete the
acquisition task while using a lower number of correlators
and lower computational power in the receiver than other
conventional parallel-correlator- and FFT-based techniques,
respectively.

Folding techniques [3], [4] are some of the recent technolo-
gies used for fast GNSS acquisition. In folding techniques, the
receiver’s code replica is folded, and correlation is performed
between the folded signal and incoming signal. The folding
technique is similar to the conventional parallel-correlator-
based technique in the sense that multiple code-phase hy-
potheses are simultaneously tested, but the technique suffers
from signal-to-noise ratio (SNR) degradation as the number of
folding increases.

Another recent technique that can achieve fast GNSS ac-
quisition may be deterministic compressed sensing (CS). In
general, CS exploits the sparsity of a signal to reduce the
number of measurements required for successful representation
of the signal. Theoretically, the CS technique finds the solution
of a classical underdetermined system of linear equations [5]–
[7]; it reconstructs an arbitrary K-sparse (i.e., K nonzeros and
N −K zeros) signal xK of size [N × 1] from a set of M(K <
M < N) linear measurements y (i.e., size [M × 1]) obtained
using a measurement matrix Φ of size [M ×N ] such that y =
ΦxK . Note that the size of y should be at least N to perfectly
reconstruct xK in a conventional system of linear equations and
that xK carries only K number of information. The technique is
also useful to practical cases such as when xK is approximately
sparse (i.e., xK is mostly noisy nonzeros but has only K
dominant elements, which are the most of the information con-
tained within xK ), and the reconstruction process is to find K
dominant elements of xK from y. Because GNSS uses direct-
sequence spread spectrum (DSSS), an incoming GNSS signal
can be well expressed with a very small amount of informa-
tion, its code phase, and Doppler frequency, provided that the
spreading sequence is known to the receiver. Therefore, when
the GNSS-receiver-generated Doppler frequency is close to the
incoming GNSS signal, for example, a GPS coarse/acquisition
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(C/A) code has N = 1023, but K can be as small as 1 if the
signal is represented in the correlation domain, where the signal
becomes the sparsest. As a result, the number of correlators to
detect the incoming GNSS signal can be much smaller than
N , whereas for the conventional GNSS acquisition technique, a
receiver needs to make N measurements to test N code-phase
hypotheses. Therefore, the acquisition of a GNSS signal can
exploit the concept of CS to reduce the required number of mea-
surements yielded by correlators. For a successful application
of the CS, it is necessary to find an appropriate transformation
(sparsifying) matrix to most sparsely express the target signal
and to develop a measurement matrix along with an associated
efficient reconstruction algorithm. So far, a number of measure-
ment matrices and successful reconstruction algorithms have
been introduced. For example, random Gaussian and random
Bernoulli matrices are known as general measurement matrices
in random CS, but the associated reconstruction algorithms
have high computational complexity [5]–[7]. On the other hand,
CS techniques using deterministic measurement matrices have
much lower computational complexity for reconstruction. The
Vandermonde matrix [8], chirp matrix [9], and the matrix with
columns of second-order Reed–Muller (RM) code [10], [11] (a
binary equivalent matrix to the chirp matrix) are some examples
of measurement matrices in deterministic CS that can achieve
fast reconstruction of the signal. However, the deterministic CS
matrices are not very robust to noisy input signal, i.e., signal of
low SNR.

The GNSS signal can have a very sparse expression in
the autocorrelation output, where the signal can be expressed
with only one dominant peak when the SNR is good enough.
However, because the spreading sequence used in GNSS is
the Gold code and the autocorrelation of the Gold code is
noisy [1], applying deterministic CS techniques [8]–[10] to the
GNSS acquisition may not produce a successful result when the
SNR is not high enough. In this paper, we propose a two-stage
fast GNSS signal acquisition technique using GNSS specific
deterministic CS matrices to reduce both the computational
complexity and hardware consumption while achieving higher
noise robustness than the folding techniques and other deter-
ministic CS matrices. It is shown that algebraic expressions for
the performance of the simplest implementation of the proposed
technique are identically the same to those of the parallel-
correlator-based acquisition technique, with a modification to
the SNR of the incoming signal and the number of parallel
correlators.

The rest of this paper is organized as follows. In Section II,
the first-stage measurement matrix is introduced. In Section III,
the second-stage measurement matrix is introduced, and the
decoding algorithms for the first- and the second-stage mea-
surement output are described. Section IV shows the mathe-
matical analysis of the performance of the proposed technique,
and Section V discusses a comparison of the proposed tech-
nique to other techniques. To demonstrate the performance of
the proposed technique, Monte Carlo simulations in additive
white Gaussian noise (AWGN) channels and Rayleigh fading
channels, and field tests are carried out to compare with the
conventional parallel-correlator-based technique in Section VI,
and conclusions are drawn in Section VII.

II. COMPRESSED MEASUREMENT IN THE FIRST STAGE

Let r(t) represents an incoming GNSS signal to a
receiver, i.e.,

r(t)=AsDs(t−τs)P s(t−τs)ej(2π(fL1+f
s
D)t+θs)+n(t) (1)

where As, τs, fL1, fs
D, and θs are the amplitude, code phase,

carrier frequency, Doppler frequency, and unknown carrier
phase of the received signal, respectively. D(t)s, P (t)s, and
n(t) represent navigation data at Rb bps, GNSS spreading
code at Rc chips per second (cps; Rc = (1/Tc) � Rb), and a
complex AWGN process with two-sided power spectral density
(N0/2), respectively [1], and (·)s denotes the sth satellite. A
GNSS signal acquisition process finds the code-phase delay
τ and the Doppler frequency fs

D of the incoming signal,
which becomes a 2-D search process. Because the receiver
needs to find the code phase of the incoming signal within a
half-chip (Tc/2) accuracy, the sampling rate fs = (1/Ts) that
we assume is two times the chip rate of the spreading code
fs = 2Rc, which follows the Nyquist sampling theorem and
is a general choice in GNSS acquisition systems. In the 2-D
search, the receiver multiplies the received signal r(t) (1) by
e−j2π(fL1+fF )t to remove the carrier frequency, where fF is
the current Doppler frequency hypothesis made by the receiver
such that

fF = fs
D,min + FΔf (2)

where fs
D,min represents the minimum possible Doppler fre-

quency of the sth satellite signal at the receiver, Δf is the
Doppler frequency search step size, and F = 0, 1, 2, . . . , Fmax

is the Doppler frequency index. The transformation matrix Ψ
(of size [2L× 2L]) that we propose to sparsify the sampled
received signal r = {r[0], r[1], . . . , r[2L− 1]}T ((·)T denotes
the transpose operation) is a parallel correlator matrix whose
element at the lth row and the kth column ψl,k can be
expressed as

ψl,k = P s [�(k − l)TsRc� (modL)] (3)

where l, k ∈ {0, 1, 2, . . . , 2L− 1}, L is the code length of the
spreading code, and a (mod b) represents the (a) modulo (b)
operation. Note that the transformation matrix Ψ is constructed
using the bank of 2L parallel correlators and Ψ transforms the
input signal r into an approximately sparse signal with a very
small sparsity S � 3 [the number of significant values in the
autocorrelation function (ACF) output] in general. Based on (3),
it is obvious that

y0 = Ψr (4)

is a typical parallel correlator output of size [2L× 1] that
represents all code phases in half-chip resolution. When fF is
close enough to fs

D and the target signal to acquire is a binary
phase-shift keying (BPSK) spread spectrum signal that has
rectangular waveform, the amplitude of y0 becomes a typical
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Fig. 1. ACFs: BPSK(n) and BOC(n, n).

ACF with a peak at the code phase of the incoming signal, and
the elements of y0 can be modeled, in general, as

y0[l]=

{
2A0

(
1 − |lTs−τs|

Tc

)
+w1[l]+w2[l], |lTs−τ | ≤ Tc

w1[l] + w2[l], otherwise
(5)

where A0 = AsLejθ
s
, w1[l], and w2[l] represents mutually in-

dependent complex noise generated by the correlation between
the noise n(t) in the sampled signal at fs = 2Rc and the pseudo
noise (PN) code such that

w1[l]=

L−1∑
k=0

P s

[⌈
(2k − l)Ts

Tc

⌉
(modL)

]
n[2kTs] (6)

w2[l]=
L−1∑
k=0

P s

[⌈
(2k + 1 − l)Ts

Tc

⌉
(modL)

]
n[(2k + 1)Ts].

(7)

Note that, because the triangular peak of y0 spans over two
chips, there are at least three elements in y0 that contain
most of the signal energy and w2[l] = w1[l − 1]. For large
2L, wi[l] (i = 1, or 2) can be modeled by an AWGN with a
probability density function (pdf) N(0, σ2

w), where σ2
w = LN0.

On the other hand, when fF is close enough to fs
D and the

target signal to acquire is a binary offset carrier (BOC) (1, 1)
spread spectrum signal, the amplitude of y0 can generally be
expressed as

y0[l] =

⎧⎪⎪⎨
⎪⎪⎩

2A0
(

1 − |lTs−τs|
Ts

)
+ w0[l], |lTs − τ | ≤ Tc

2

A0
(

|lTs−τs|
Tc

− 1
)
+w0[l], Tc

2 < |lTs − τ |≤Tc

(−1)|b−l|w0[l], otherwise
(8)

where w0[l] = w1[l] + w2[l], and b is the value of l when |lTs −
τs| ≤ Tc/2 is satisfied. Note that, for a receiver with a wide
precorrelation bandwidth [12], the envelope of the received
signal r(t) (1) well maintains a rectangular shape, and as a
result, the peak of the ACF output due to the signal components
in y0 (5) and y0 (8) can have mean values AsL[1, 2, 1] and
AsL[−1, 2,−1], respectively, as illustrated in Fig. 1.

The proposed first-stage measurement matrix is Φ1, of which
an element at the mth row and the (l + 1)th column can be
defined as

φ1
m,l+1 =

(−1)(l+1)B

√
M1

WM01

[
m,

⌈
l + 1
α

⌉]
(9)

where 1 ≤ m ≤ M1, 0 ≤ l ≤ 2L− 1, (·)1 denotes the first
stage, M1 = 2M01 , WM01

is a Walsh–Hadamard matrix of size
[M1 ×M1], and α(≥ 1) represents the number of repetition
of columns of WM01

. As shown in (9), Φ1 has 2L columns
made of the M1 columns of WM01

; each of the first (M1 − 1)
columns of WM01

is repeated α times to construct the first
α(M1 − 1) columns of Φ1, and the last column of WM01

is re-
peated to construct the last 2L− α(M1 − 1) columns of Φ1. B
is a modulation scheme indicator such that B = 0 for BPSK(n)
GNSS signals and B = 1 for BOC(n, n) GNSS signals, where
n is the ratio of the signal’s chip rate over the base chip rate
(1.023 MHz). Other GNSS signals using BOC(b1, b2), where
b1 and b2 are the subcarrier and code rates, with b1 > b2, need
a sampling rate higher than the fs(= 2Rc) being considered in
this paper. The first-stage measurement

y1 =Φ1y0

=Φ1Ψr (10)

has a size of [M1 × 1]. Notice that the first stage can be
implemented with M1 compressed correlators, which are the
rows of the first-stage combined matrix Φ1Ψ. Therefore, the
proposed technique requires about α � (2L/M1) times fewer
measurements (i.e., correlators) in the first stage than the con-
ventional parallel-correlator-based technique. The first line of
(10) shows the first-stage measurement algorithm; Φ1 encodes
M1 summations (each of which is the sum of α consecutive
elements in y0) using M1 Walsh codes. When α > 3, it is
possible to accumulate all the signal energies spread around the
peak of the ACF output (usually spreads over three neighboring
samples), as expressed in (5) and (8). Because the Walsh
code is an orthogonal code, the receiver can find the index of
a Walsh code (e.g., wT

1 , 1 ≤ wT
1 ≤ M1), among M1 Walsh

codes, that has the largest coefficient. The index wT
1 informs

the location of the peak of ACF output (equivalently, the code
phase of the incoming signal) with (α/2)-chip resolution. Note
that, due to the modulation scheme indicator B in (9), the
first-stage measurement y1 for the BOC(n, n) signal has an
identical shape and amplitude in the ACF output to y1 for the
BPSK(n) signal, because B in (9) removes BOC modulation
from the sampled data. Therefore, we assume that BPSK(n)
and BOC(n, n) GNSS signals result in the same ACF, without
loss of generality.

III. DETECTION ALGORITHM AND THE SECOND STAGE

The first-stage detection algorithm employs M1-point fast
Walsh–Hadamard transform (FWHT) [13] to generate z1 (size

[M1 × 1]) from the first-stage observation y1: y1

FWHT
−−−−→ z1.

The purpose of applying FWHT is to find the Walsh code of
which coefficient has the largest magnitude. Performing the
M1-point FWHT on both I- and Q-channel components of y1

(to generate I- and Q components of z1, respectively) requires
2M1 log2 M1 multiplications, and calculating the magnitude
square of z1 to obtain Z1 (i.e., Z1 = |z1|2) requires additional
2M1 multiplications and 2M1 − 1 additions. Therefore, the
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first stage requires a total of 2M1(log2 M1 + 1) multiplica-
tions. The elements of Z1 are compared to the first-stage de-
tection threshold γ1, and maximum Np largest elements (larger
than γ1) of Z1 are selected. Let a list (set) of indices of the
selected maximum Np largest elements of Z1 be denoted by
w1 such that w1 ⊂ {0, 1, 2, . . . ,M1 − 1} and ‖w1‖0 ≤ Np.
Notice that the first-stage detection is successful if wT

1 ∈ W1

and each element of w1 indicates a possible peak location of
the ACF output in units of α chips. Based on w1, we can find a
list W1 of indices of y0 that can contribute to the peaks listed
in w1 such that

W1 =
⋃

w1∈w1

{αw1+1, αw1+2, . . . ,min {α(w1+1), 2L}} .

(11)

When w1 is empty, it can be concluded that the current Doppler
frequency hypothesis is wrong and the first stage should be-
gin with the next Doppler frequency index F + 1. Note that,
because the variance of w1 ∈ w1 becomes (2α− 1) times the
variance of w(·) in (5) and (8), we can expect any deterministic
CS matrix, of the same size to Φ1, with PN codes for columns
of the matrix to have poor detection performance with the
transformation matrix Ψ that we use in this paper. There can
be different transformation matrices, but Ψ that we use in this
paper is a very strong sparsifying matrix for PN code signals.
For example, supposing a sensing (measurement) matrix (size
[M1 × 2L]) with columns made of PN codes, the normalized
inner product between any two columns equals (1/

√
M1) so

that all 2L noise components in y0 contribute to the measure-
ment y1 and, thus, z1 and Z1.

Let M02 = �log2 ‖W1‖0� and v(= 1, 2, . . . , ‖W1‖0) be the
index of elements of W1 (‖W1‖0 ≤ M2). The second stage
of the proposed technique is to find the correct index (i.e.,
correct code phase in 0.5-chip resolution) of the peak of the
ACF output in y0 by testing all ‖W1‖0 code phases listed in
W1 using ‖W1‖0 parallel compressed correlators; the second-
stage measurement matrix Φ2 whose element at the mth row
and the l-th column can be expressed as

φ2
m,l =

{
(−1)lB√

M2
WM02

[m, v], l = W1(v)

0, otherwise
(12)

where (·)2 denotes the second stage, M2 = 2M02 , WM02
is

a Walsh–Hadamard matrix of size [M2 ×M2], and B is a
modulation scheme indicator such that B = 0 for BPSK(n)
GNSS signals and B = 1 for BOC(n, n) GNSS signals. Note
that Φ2 has 2L− ‖W1‖0 all-zero columns, of which indices
are not listed in W1, and depending on the choice of γ1 and
Np, the size of W1 (‖W1‖0) can be very small or zero. In
addition, M2 < M1 can be assumed in general. Using Φ2 (12),
the second-stage measurement

y2 =Φ2y0

=Φ2Ψr (13)

is obtained. Notice that the second stage can be implemented
with M2 compressed correlators, which are the rows of the

TABLE I
TWO-STAGE COMPRESSED GNSS ACQUISITION ALGORITHM

combined matrix Φ2Ψ, and y2 is a linear sum of weighted
Walsh codes, i.e.,

y2 =

‖W1‖0∑
v=1

(−1)W1(v)B

√
M2

y0 (W1(v))WM02
[·, v] (14)

where WM02
[·, v] represents the vth Walsh code in WM02

.
The proposed second-stage detection algorithm begins with

M2-point FWHT [13] to generate z2 (size [M2 × 1]) from the

second-stage observation y2 : y2

FWHT
−−−−→ z2. Performing the

M2-point FWHT on both I- and Q-channel components of
y2 requires 2M2 log2 M2 multiplications, and calculating the
magnitude square of z2 to obtain Z2 (i.e., Z2 = |z2|2) requires
additional 2M2 multiplications and 2M2 − 1 additions. Over-
all, the second stage requires a total of 2M2(log2 M2 + 1) mul-
tiplications. The maximum magnitude of Z2 is then compared
to a detection threshold γ2. Let w2(∈ {0, 1, 2, . . . ,M2 − 1})
be the index of the largest element of Z2. Finally, W1(w2)
is returned, as the final code-phase estimate of the incoming
signal, to a verification function and, then, to a tracking function
(i.e., delay lock loop) for continuous tracking of the signal.
Notice that the final output W1(w2) expresses the estimated
code phase in unit of 0.5 chips, which is a general resolution
required for the verification and tracking functions to run. If
the second stage results in no output, then the receiver should
begin the first stage with the next Doppler frequency hypothesis
(F + 1). The overall two-stage compressed GNSS acquisition
algorithm is summarized in Table I.

In practice, an incoming GNSS signal may have fading so
that the SNR of the incoming signal can rapidly change. To
improve the sensitivity of a GNSS receiver, longer coherent
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integration and noncoherent accumulation of Z1 and Z2 can
be a usual choice. The procedure to generate an LN -time
noncoherently accumulated decision variable for the first and
second stages ZLN

1 and ZLN
2 is identically the same as in the

conventional technique as

ZLN
1 =

LN∑
ln=1

Z1,ln (15)

ZLN
2 =

LN∑
ln=1

Z2,ln (16)

where Z1,ln and Z2,ln represent Z1 and Z2 from the ln-th
coherent integration, respectively. Longer coherent integration
with the proposed technique is discussed in Section V.

IV. PERFORMANCE ANALYSIS

The performance of the proposed compressed GNSS ac-
quisition technique can be analyzed with receiver operating
characteristic and mean acquisition time (MAT) [14] for a given
coherent SNR of the transformed signal y0. The coherent SNR
of y0 can be defined as [15]

coherent SNR of y0[dB] = 20 log10

(
S0

2σw

)
(17)

where S0 = E[max{y0}] = 2AsL. Denoting φ1
m1

as the m1-th
column vector of the first-stage sensing matrix Φ1,
z1(m1) (m1 ∈ {1, 2, . . . , 2L}) can be expressed as

z1(m1) =
〈
φ1
m1

,Φ1y0

〉
=

K∑
n=α(m1−1)+1

y0(n) (18)

where K = min{αm1, 2L}, because φ1
m1

= WM01
(·, �(m1/

α)�). Therefore, the first-stage FWHT output for the I- and
Q-channels has an average magnitude S1 cos θ and S1 sin θ,
respectively, where

S1 =

⎧⎨
⎩

1.5S0, lT (modα) = 0 or 1
2S0, 1 < lT (modα) ≤ α− 1
0, otherwise

(19)

and lT (1 ≤ lT ≤ 2L) is the index of the maximum peak
in y0, i.e., the true code phase of the incoming signal. The
evaluation of S1 in (19) is for the line-of-sight (LOS)-only
channel; however, there can be a multipath channel, and most
of the multipath in practice are short-delay paths that arrive
within a half chip after the LOS path [16]. In the presence of
both the LOS and short-delay paths, ACF output has a slightly
different shape from the ACF output for the LOS-only channel;
however, the LOS path is the dominant path; therefore, S1 can
be still approximated by (19) without loss of generality. The
power delay spectrum [16] shows that the power of a short-
delay path exponentially decreases as its delay increases so that
an earlier arrival short-delay path is expected to be a stronger
path. Therefore, when there is no LOS path but only short-
delay paths, the ACF output is expected to have its peak at
the code phase of the earliest arrival path (expected to be the

strongest path) and to maintain the triangular shape. As a result,
the aforementioned assumption is valid for multipath channels.
Based on (19), the average value of S1 for 0 ≤ lT (mod α) ≤
α− 1 can be expressed as

S1 =
3
α
S0 +

2α− 4
α

S0 =

(
2 − 1

α

)
S0 (20)

and z1 has the same noise variance

1
2
V1 � (2α− 1)LN0 (21)

for both I- and Q-channels, which results from the accumulation
of the w(·) in (5) and (8) for a maximum of α times.

Denoting φ2
m2

(m2 ∈ {1, 2, . . . , 2L}) as the m2-th column
vector of the second-stage measurement matrix Φ2, z2(m2) can
be expressed as

z2(m2) =

{〈
φ2
m2

,Φ2y0

〉
, for m2 ∈ W1

0, otherwise
(22)

where 〈φ2
m2

,Φ2y0〉=y0(m2), because φ2
m2

=WM02
(·, �im2

�)
(im2

is the index of m2 in W1). The signal component in
the second-stage M2-point FWHT output z2 has amplitudes
S0 cos θ and S0 sin θ in the I- and Q-channels, respectively;
therefore, Z2 has an average signal amplitude S2 = S0, and z2
has the same noise variance

1
2
V2 � LN0 (23)

for both the I- and Q-channels.
The distribution of Zi ∈ Zi (i = 1 or 2) is a noncentral chi-

square distribution with two degrees of freedom when W1

contains lT , i.e.,

P i
1(Zi) =

1
Vi

exp

(
−(Zi + S2

i )

Vi

)
I0

(
2Si

√
Zi

Vi

)
(24)

where I0(·) is the zeroth-order modified Bessel function of the
first kind or a central chi-square distribution with two degrees
of freedom when W1 does not contain lT , i.e.,

P i
0(Zi) =

1
Vi

exp

(
−Zi

Vi

)
. (25)

The probability of detection of the first stage can be
expressed as

P 1
D =

∞∫
γ1

P 1
1 (y)

y∫
0

P 1
0 (x(M1−Ns))dx dy (26)

where x(u) is the uth-order statistic, and its pdf can be ex-
pressed as [17]

P 1
0 (x(u)) = fx(u)

(x)

=
M1!

[
1 − exp

(
−x
V1

)]u−1

exp
(

(u−M1−1)x
V1

)
V1(u− 1)!(M1 − u)!

.

(27)

An algebraic closed-form expression of P 1
D (26) with the

definition of P 1
0 (x(u)) (27) is not easy to find. However, the

probability that the element of y1 carrying the signal energy is
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Fig. 2. First-stage probability of detection with respect to the SNR of y0.

included in the Np largest elements of Z1 increases as Np in-
creases. Fig. 2 shows numerically evaluated P 1

D (26) for various
combinations of M1 and Np. Note that, for Np = 1 and large
M1, P 1

D (26) does not have 3-dB gain when M1 is doubled,
because −(1/α) in (20) is not negligible. In the following anal-
ysis, we assume Np = 1 as the simplest implementation of the
proposed technique and for algebraic simplicity. In general, P 1

D

(26) can be expressed by exploiting the derivations in [18] as

P 1
D ≥

∞∫
γ1

P 1
1 (y)

⎛
⎝ y∫

0

P 1
0 (x)dx

⎞
⎠

M1−1

dy

≥
M1−1∑
n=0

(−1)n

n+ 1

(
M1 − 1

n

)
exp

(
− nS2

1

(n+ 1)V1

)

×Q

⎛
⎝
√

2S2
1

(n+ 1)V1
,

√
2(n+ 1)γ1

V1

⎞
⎠ (28)

where the equality in (28) holds for Np = 1 only, and Q(a, b)
is the Marcum Q-function [19]. Similarly, the probability of
detection of the second stage can be expressed as

P 2
D =

M2−1∑
n=0

(−1)n

n+ 1

(
M2 − 1

n

)
exp

(
− nS2

2

(n+ 1)V2

)

×Q

⎛
⎝
√

2S2
2

(n+ 1)V2
,

√
2(n+ 1)γ2

V2

⎞
⎠ (29)

where M2 = α for Np = 1. Note that, for any SNR of the
incoming signal, the P 2

D (29) is higher than the detection
probability of the conventional parallel-correlator-based
technique, because M2 � 2L. In addition, using the
distributions in (24) and (25) and exploiting the derivations
in [18], the miss and false-alarm probabilities of the ith stage
(i = 1, 2) can be found, respectively, as

P i
M =

γi∫
0

P i
1(y) dy

⎛
⎝ γi∫

0

P i
0(y)dy

⎞
⎠

Mi−1

=

(
1−exp

(
−γi
Vi

))Mi−1
⎡
⎣1−Q

⎛
⎝
√

2S2
i

Vi
,

√
2γi
Vi

⎞
⎠
⎤
⎦ (30)

P i
F = 1 − P i

D − P i
M . (31)

Note that P 1
D (28), P 2

D (29), P i
M (30), and P i

F (31) (i = 1, 2)
are the probabilities when the current Doppler frequency fF
being tested is the closest Doppler frequency hypothesis to
the correct Doppler frequency of the sth satellite fs

D, i.e,
|fF − fs

D| < 0.5Δf . Because P 2
D > P 1

D, P 1
M � P 2

M , and
P 1
F � P 2

F for an incoming signal with good SNR and large
α(� 1), P 2

M , and P 2
F are neglected in the following analysis.

When |fF − fs
D| > 0.5Δf , the false-alarm probability can be

obtained by exploiting the derivations in [18] as

P i
f = 1 −

⎛
⎝ γi∫

0

P i
0(y)dy

⎞
⎠

Mi

= 1 −
[

1 − exp

(
−γi
Vi

)]Mi

(32)

where (·)f represents an incorrect Doppler frequency
hypothesis. Notice that the probabilities P 1

D (28), P 2
D (29),

P 1
M (30), P 1

F (31), and P 1
f (32) of the proposed technique

for Np = 1 have the same algebraic expressions as in those
of a parallel-correlator-based technique derived in [18] but
with only different parameter values, i.e., reduced number of
correlators Mi and SNR of the incoming signal (Si/Vi). In
a point of view, this is an expected observation, because the
measurements y1 and y2 made by the proposed technique
are effectively a linear combination of multiple neighboring
correlator outputs (i.e., correlator outputs on neighboring code-
phase hypotheses). Therefore, the performance of the proposed
technique in Rayleigh fading (or AWGN) channels for an
incoming signal with the SNR equal to (S0/N0) is the same
as that of a parallel-correlator-based technique in the same
Rayleigh fading (or AWGN) channels with Mi correlators for
an incoming signal with the SNR equal to (Si/Vi).

In GNSS, the N1 of N2 detector is one of the most widely
used verification mode functions [20], and its detection and
false-alarm probabilities can be found as [18]

PV
D =

N2∑
n=N1

(
N2

n

)⎡⎣ ∞∫
γ2

P 2
1 (y) dy

⎤
⎦
n⎡
⎣1−

∞∫
γ2

P 2
1 (y) dy

⎤
⎦
N2−n

=Q

⎛
⎝
√

2S2
2

V2
,

√
2γ2
V2

⎞
⎠ (33)

PV
F =

N2∑
n=N1

(
N2

n

)⎡⎣ ∞∫
γ2

P 2
0 (y) dy

⎤
⎦
n⎡
⎣1−

∞∫
γ2

P 2
0 (y) dy

⎤
⎦
N2−n

= exp

(
−γ2
V2

)
(34)

where (·)V represents the verification mode, and the correlators
used in the verification mode is the same as those used in the
second stage.
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Fig. 3. Circular search state diagram.

Because the amount of time required to compute FWHT is
very small, compared to the time to obtain measurements y1

and y2, we assume that both the first and second stages take
T1 = LTc s and the verification mode takes TV = N2LTc s.
Fig. 3 shows a circular-search state-transition diagram of the
proposed acquisition technique. When the current Doppler
frequency hypothesis [denoted by the index F in (2)] is the
closest Doppler frequency (denoted by an index FT ) to that of
the incoming signal, the first-stage detection algorithm may or
may not detect the signal or make a false alarm. When the first-
stage algorithm misses the detection of the incoming signal, F
is increased by 1 and repeats the first stage at the next node.
When the first stage detects or makes a false alarm, the second-
stage algorithm is invoked. The verification mode uses N1 of
N2 detector when the second-stage algorithm declares a signal
detection. The correct hypothesis detection (from node F = FT

to the detection state), the correct hypothesis missed (from
node F = FT to the next node F = FT + 1), and the incorrect
hypothesis (from node Fi to F(i+1)( mod Fmax), i �= T ) branch
transfer functions can be derived as

HD(T ) =P 1
DP 2

DPV
D TN2+2

�P 1
DP 2

DTN2+2 (35)
HM (T ) =P 1

MT+P 1
F

(
1−P 2

F

)
T 2+P 1

FP
2
F

(
1 − PV

F

)
TN2+2

+P 1
D

(
1−P 2

D

)
T 2 + P 1

DP 2
D

(
1 − PV

D

)
TN2+2

�P 1
MT+P 1

F

(
1 − P 2

F

)
T 2+P 1

D

(
1−P 2

D

)
T 2

+ P 1
FP

2
FT

N2+2 (36)
H0(T ) =

(
1−P 1

f

)
T+P 1

f

(
1−P 2

f

)
T 2

+ P 1
f P

2
f

(
1−PV

f

)
TN2+1

�
(
1 − P 1

f

)
T+P 1

f

(
1−P 2

f

)
T 2+P 1

f P
2
f T

N2+1

(37)

where approximate expressions are obtained by assuming
PV
D � 1 and PV

F � PV
f � 0. Note again that the miss and

the false-alarm probabilities of the second stage (or in the
verification mode) after a correct signal detection in the first
stage (or in the second stage) are assumed negligible in (36),
which is a reasonable assumption for GNSS signals of the good

SNR. The overall system transfer function can be derived by
exploiting the results in [14] as

H(T ) =
HD(T )

[
1 −HFmax

0 (T )
]

(Fmax + 1) [1 −H0(T )]
[
1 −HM (T )HFmax

0 (T )
] .

(38)

Following the definition of the MAT in [14], the MAT can be
obtained after some algebraic manipulations as

μT =T1
dH(T )

dT

∣∣∣∣
T=1

� FmaxT1

Fmax + 1

[
N2 + 2 +

(
Fmax − 1

2

)(
1 + P 1

f

)]

+
FmaxT1

(Fmax + 1)P 1
DP 2

D

×
[
1 + P 1

D − 2P 1
DP 2

D + P 1
F

(
1 +N2P

2
F

)
+Fmax

(
1 − P 1

DP 2
D

)
+N2FmaxP

1
f P

2
f

]
(39)

which can further be simplified to

μT �
[
N2 + 2 +

Fmax

2

]
T1 (40)

for a high SNR and large Fmax, as expected. Note that, when
the SNR is not high enough, the MAT μT increases due to
the second term in (39); P 1

DP 2
D in the denominator decreases,

whereas the value of the numerator increases.
The detection thresholds γ1 and γ2 for the first and second

stages, respectively, should numerically be selected to minimize
the MAT, as discussed in [18]. Fig. 4 shows the MAT that
was evaluated from 105 Monte Carlo simulations for SNR
values ranging from 12 dB to 20 dB. As shown, the MAT μT

becomes minimum when γ1 and γ2 are around 1.2 and 0.75,
respectively, which we use for numerical evaluations of the
proposed technique in Section VI.

V. COMPARISON WITH OTHER TECHNIQUES

The folding technique [3] and the dual-folding technique [4]
have recently been introduced for faster acquisition of long
PN sequences. These techniques use FFT- and IFFT-based
correlations to quickly complete the acquisition procedure.
By folding the receiver replica of the PN sequence multiple
times, the receiver can simultaneously test multiple code-phase
hypotheses, but there is an inevitable loss of the SNR due to the
noise increase at the ACF output. To alleviate the SNR loss due
to the folding, the dual-folding technique also employs fold-
ing of incoming signal, which requires multiple times longer
reception of the incoming signal. Therefore, it may be viewed
that the principle of the dual-folding technique is to use longer
coherent integration of the incoming signal than the folding
technique. When the receiver replica of the PN sequence and
the incoming signal are folded Nf and Ni times, respectively,
the folding and the dual-folding techniques can have about
10 log10(1/Nf ) dB and 10 log10(Ni/Nf ) dB SNR increase at
the ACF output, respectively. Note that the SNR gain is, in fact,
negative, because Nf > Ni is a usual choice.
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Fig. 4. MAT. (a) M1 = 256. (b) M1 = 512.

When the folding technique with a folding number Nf (� 1)
and the proposed technique with α = Nf are compared for an
incoming signal samples of length 2L, it is expected that the
proposed technique should have an SNR of (S1)

2/(2(2Nf − 1)
LN0) and (S0)

2/(2LN0) in the first- and second-stage FWHT
outputs, respectively, whereas the folding technique has an SNR
of (S0)

2/(2NfLN0) at the ACF output. Because S1 = (2 −
1/Nf )S0, the proposed technique has higher SNR gain of about
10 log10(2 − 1/Nf ) dB in the first stage, as found in (20) and
(21), and 10 log10 Nf dB in the second stage than the folding
technique. Therefore, for Nf � 1, the proposed technique can
achieve about the same level of performance to the dual-folding
technique with Ni = 2 and to the folding technique operating
for an incoming signal with a 3-dB-high SNR.

In addition, similar to the dual-folding technique, the
proposed technique can further achieve additional 10 log10 Ni

dB when the size of the incoming signal samples is Ni times
longer; when the length of the incoming signal samples is
2LNi (i.e., Ni times longer), the transformation matrix of the
proposed technique should be modified to

Ψnew = [Ψ1,Ψ2, . . . ,ΨNi
] (41)

where Ψk = Ψ in (4) for all k ∈ {1, 2, . . . , Ni}. Another
advantage of the proposed technique is that it can sim-
ply be implemented with M1 +M2 correlators and requires∑2

i=1 2Mi(log2 Mi + 1) ≈ 2M1(log2 M1 + 1) complex mul-
tiplications (for large M1 and small Np), whereas the folding

techniques require a total of 6L log2 2L+ 2L complex mul-
tiplications for two FFT operations, frequency-domain mul-
tiplications, and one IFFT operation. In practice, a receiver
may store an FFT PN sequence to reduce the computational
complexity in the acquisition process so that the complex multi-
plications for the folding and the dual-folding techniques can be

2L(2 log2 2L+ 1). (42)

Therefore, for an example, when α = Nf = 4 and L = 1023
are assumed for fs = 2Rc, the proposed technique requires
at least about five times less complex multiplication than the
folding and dual-folding techniques.

A deterministic CS matrix that is constructed with the
second-order RM code has recently been introduced and gained
attention due to the simplicity and fast reconstruction of the
sparse signal from compressed measurements [10] and [11].
The CS matrix based on second-order RM codes [10] performs
very well for very sparse signals; however, due to the coherence
between the second-order RM codes, the performance degrades
for noisy signals and less sparse signals. A deterministic CS
matrix [10] of the same size as in the proposed matrix Φ1 (9)
can be expressed as

ΦRM =
[
UP1

, UP2
, . . . , UPα−1

, U ′
Pα

]
(43)

where UPj
is an M1 ×M1 orthogonal matrix whose columns

are the second-order RM codes generated with

φP,b(a) =
(−1)wt(b)

√
M1

√
−1

(2b+Pa)T a
(44)

where Pj is a zero-diagonal symmetric binary matrix, wt(b)
represents the number of ones in b, b and a range through all
possible binary M01 vectors, and U ′

Pα
is a matrix that consists

of 2L− (α− 1)M1 columns of UPα
. The inner product of two

arbitrary columns, each taken from different matrices UPi
and

UPj
(i �= j), is known as∣∣〈φPi,·, φPj ,·〉

∣∣ = {
1/

√
2l, 2l times

0, M1 − 2l times
(45)

where l = rank(Pi − Pj). In general, higher l is desirable to
minimize the inner product between the columns of the matrix
ΦRM , and, thus, to minimize the amplification of noise in the
ACF output. Therefore, when l = M01, there are about (α−
1)M1 nonorthogonal columns in ΦRM , which have correlation
(1/

√
M1) to the a column that does not belong to the (α−

1)M1 columns. Assuming that the same transformation matrix
Ψ (4) is used, each column of ΦRM has noise components
w1[l] and w2[l](= w1[l + 1]) in (5). As a result, the noise
variance of the measurements obtained with the sensing matrix
ΦRM (43) can be found as

VRM =LN0 ×
1
M1

× 4 [(α− 1)M1 − 2]

� 4(α− 1)LN0 (46)

which is (2α− 2)/(2α− 1) times smaller than the variance of
the first-stage measurements output V1 (21) using Φ1. However,
Φ1 produces (2 − 1/α)2 times higher signal energy in the mea-
surement output than the sensing matrix ΦRM (43), resulting
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TABLE II
COMPARISON TO OTHER TECHNIQUES FOR α = Nf

in a net SNR gain of 10 log10((2α− 2)(2α− 1)/α2) dB
in the proposed technique. Note that the proposed first-stage
sensing matrix can only estimate the code phase of the in-
coming signal within (α/2) chips; therefore, the second stage
and additional collection of signal samples for y0 are nec-
essary. The second-stage output has no SNR loss compared
to the conventional parallel-correlator-based technique due to
no increase of noise variance above 2LN0. On the contrary,
the sensing matrix ΦRM (43) does not require any additional
measurement. Computational complexities and the SNR gain
of the proposed technique and other techniques are summarized
in Table II. Note that, similar to the idea of improving the
detection sensitivity of the proposed technique in (41), the mea-
surement matrix with the second-order RM codes can exploit
Ni times longer coherent integration length using a modified
measurement matrix, i.e.,

ΦRM,new = [ΦRM,1,ΦRM,2, . . . ,ΦRM,Ni
] (47)

where ΦRM,k = ΦRM in (43) for all k ∈ {1, 2, . . . , Ni}.
In many applications of GNSS, the presence of code Doppler

prevents a receiver from extending the integration length [21].
However, the transformation matrices Ψ (3) and Ψnew (41)
are not very suitable for a detection of signals with high code
Doppler. Because each row of the transformation matrices Ψ
and Ψnew represents a PN-code sequence with a distinct code-
phase delay at a given code rate, appropriate transformation
matrices should include rows that represent the PN-code se-
quence with different code Doppler in addition to the rows
defined in Ψ (3) and Ψnew (41), which, as a result, increases
the number of rows in the matrices Ψ and Ψnew. When, for
example, three code Doppler frequencies are considered, the
overall transformation matrix Ψall can be built as

Ψall =

⎡
⎣Ψnew,L

Ψnew,N

Ψnew,H

⎤
⎦ (48)

where Ψnew,L, Ψnew,N , and Ψnew,H represent Ψnew made
with low, no, and high code Doppler frequencies, respectively.
In addition, the size of the sensing matrix Φi (i = 1, 2) should
accordingly be selected.

VI. NUMERICAL RESULTS

In this section, the proposed compressed GNSS acquisition
technique is tested for a GPS receiver in an acquisition process
of L1 C/A code signal, and it is assumed that the receiver
has 2-MHz precorrelation bandwidth, sampling frequency fs =
2Rc, and 1-ms correlation length (i.e., 2L = 2046 samples).

Fig. 5. Post-RSS SNR of y1 with respect to the SNR of y0.

It is obvious that the performance of the proposed technique
in the acquisition of the BPSK(n) signal is the same as that
in the acquisition of the BOC(n, n) signal, as discussed in
Section II. The performance tests in this section show the
SNR changes between the input and output signals in the
first stage, the probability of detection, and MAT with respect
to C/N0 obtained from 105 Monte Carlo simulations in the
AWGN channel. To compare the probability of detection of the
proposed technique and the conventional parallel-correlator-
based technique in various signal environments, 105 Monte
Carlo simulations in a Rayleigh fading channel and 103 times
field tests for ten GPS satellites are carried out. The tested
C/N0 ranges from 30 dB-Hz to 50 dB-Hz, which corresponds
to the coherent SNR of y0 ranging from 0 dB to 20 dB. The
parameters used in the simulations for the proposed matri-
ces Ψ and Φ are M01 ∈ {7, 8, 9}, M02 = log2(2L/M1), and
2L = 2046.

Because the SNR of Z1 can be expressed using the post–root
sum of squares (RSS) SNR of z1 [15], it can be found that

post-RSS SNR of z1 =

(
S1

σN,RSS

)2

= coherent SNR of y1 + SL (49)

where σN,RSS is the standard deviation of nonzero mean RSS

noise, the coherent SNR of y1 is equal to (S
2
1/V1), and SL

is the squaring loss [15]. Fig. 5 shows the post-RSS SNR
of z1 for M01 ∈ {7, 8, 9} and the post-RSS SNR of y0 with
respect to the coherent SNR of y0, i.e., (S2

0/2σ2
w). Note that the

post-RSS SNR of y1 for M01 = 9 is less than the post-RSS
SNR of y0 by approximately 3 dB, as expected, based on
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Fig. 6. Probability of detection with respect to the SNR of y0. (a) AWGN
channel. (b) Rayleigh fading channel. (c) Real environment.

Table II, when Ni = 1 and Nf = α = 4, and the post-RSS SNR
of y0 shows positive squaring loss that is about the same as
analyzed in [15]. It is obvious that the coherent SNR of the
second-stage output y2 is the same as the coherent SNR of y0.

The comparison shown in Fig. 6 is between the conven-
tional 2L parallel-correlator-based technique and the proposed

technique with various M1 and Np. In the simulation, we
choose Np = {1, �0.05M1�, �0.1M1�}. Fig. 6(a) and (b) shows
the overall probability of detection of the proposed technique
and the conventional parallel-correlator-based technique with
respect to the coherent SNR of y0 for γ1 = 1.2 in AWGN chan-
nels and Rayleigh fading channels evaluated from 105 Monte
Carlo simulations, respectively. Referring to the performance
analysis in [4], for fs = Rc, the conventional correlator-based-
technique has a probability of detection about [0.4, 0.6, 0.8]
at the SNR of the incoming signal about [−20,−19,−18] dB,
respectively. Therefore, it is expected that the same level of
probability of detection can be achieved by the same technique
with fs = 2Rc and about 103-chips-long correlation length
when the coherent SNR of y0 is about [7, 8, 9] dB, which is
roughly similar to the simulation result of the parallel correlator
shown in Fig. 6(a). On the other hand, to achieve the same
level of performance, the folding technique with Nf = 4 needs
to have 3-dB higher coherent SNR of y0 than the proposed
technique, and the dual folding technique with Nf = 4 needs
to have Ni = 2 (i.e., two times longer integration). For the
simulations in Rayleigh fading channel environments shown in
Fig. 6(b), it is assumed that the mean power of fading channel
is −7 dB, 60-km/h vehicular speed, 1-ms coherent integration
length, and five times noncoherent accumulation. The results
in Fig. 6(b) show that the performance is slightly worse than
those in Fig. 6(a), but the relative performance of the proposed
technique to that of the conventional parallel-correlator-based
technique is almost the same in Fig. 6(a) and (b). Note that the
proposed technique with M1 = 512 and Np = 52 achieves al-
most the same level of performance as in the parallel correlator,
which means that the number of correlators to achieve the same
level of acquisition performance can be about three times less
than the conventional technique, because the second stage of the
proposed technique requires αNp additional correlators. The
performance of the proposed technique is again compared to the
conventional parallel-correlator-based technique with real GPS
sampled data in Fig. 6(c), and we can again find a very similar
performance to those in Fig. 6(a) and (b). Comparing the results
in Fig. 6 with those in Fig. 2, it is observed that the probability
of detection in the first stage P 1

D is much higher than the overall
probability of detection P 1

DP 2
D when Np > 1 at a low SNR.

Fig. 7 shows the MAT μT (39) of the proposed technique
and the conventional parallel-correlator-based technique eval-
uated from 105 Monte Carlo simulations for M01 = {7, 8, 9}
when γ1 = 1.2, γ2 = 0.75, Np = 4α, T1 = 1 ms, N2 = 10, and
Fmax = 20. The result shows that μT approaches the minimum
average value 22T1 (average time to take from an arbitrary
node to the node at F = FT plus times to take for the first
stage, the second stage, and verification mode = (20/2)T1 +
2T1 + 10T1) when the coherent SNR is high, as expected based
on (40), and that the performance rapidly degrades for the
SNR of y0 < 12 dB, as expected based on the second term
in (39); the quantity P 1

DP 2
D in the denominator decreases,

whereas the quantity Fmax(1 − P 1
DP 2

D) +N2FmaxP
1
f P

2
f +

P 1
F (1 +N2P

2
F ) in the numerator increases as the SNR de-

creases, for which a receiver needs longer coherent integration
and noncoherent accumulations. Note that the MAT of the
proposed technique with higher M1 quickly approaches the
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Fig. 7. MAT with respect to the SNR of y0.

MAT of the conventional parallel-correlator-based technique
than the proposed technique with smaller M1.

VII. CONCLUSION

It has been shown that the proposed compressed GNSS
acquisition technique has advantages over the conventional
acquisition techniques; the proposed technique requires a much
lower number of correlators than the conventional parallel-
correlator-based technique and much less computation than the
acquisition technique using FFT/IFFT. In addition, it has been
discussed that the proposed technique has better performance
than the folding techniques. Because the proposed technique is
a deterministic CS technique, particularly for the acquisition
of spread spectrum signals, the advantage of the proposed
technique is also discussed for a comparison to a deterministic
CS with second-order RM codes. Note that the proposed first
stage measurement scheme with small α(≤ 4) and Np(1 �
Np � M1) has almost the same acquisition performance as in
a conventional parallel-correlator-based technique, which is a
testament to the fact that a receiver equipped with the proposed
technique can have the same acquisition performance.
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