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TOA and AOD Statistics for
Down Link Gaussian Scatterer Distribution Model

Seung-Hyun Kong, Member, IEEE

Abstract—Gaussian scatterer distribution model (GSDM) is
one of the most interesting geometrically based scatterer distri-
bution models for spatial and temporal properties of wireless
channels in most multipath environments. The GSDM assumes
a circular scattering region around a mobile station (MS), and
the scatter density decreases with the distance from the MS.
In this paper, the time of arrival (TOA), angle of departure
(AOD), and joint TOA/AOD probability density functions (pdfs)
of down link are derived for the GSDM. Based on these pdfs,
the TOA and AOD pdfs of first arrival path are analyzed as
they are particularly important to radiolocation technologies. A
closed-form expression for the TOA pdf and an approximate
expression for the AOD pdf of the first arrival path are obtained.
To validate the closed-form expressions, comparisons to simulated
normalized histograms obtained from Monte Carlo trials are
included. The pdfs derived in this paper provide substantial
insight into the statistical properties of wireless channels and
first arrival path in multipath environments.

Index Terms—Angle of departure, statistical propagation, time
of arrival.

I. INTRODUCTION

PACE-TIME channel model that provides accurate knowl-

edge of time of arrival (TOA) distribution and angle
of departure (AOD) distribution in multipath environments
is essential to design wireless communication systems and
to estimate the performance of the systems. Knowledge of
the spatial and temporal properties of the received signal
is necessary for the design of array antenna systems and
radiolocation systems, respectively.

The literature has proposed a number of fundamental chan-
nel models with different scatterer distributions or shapes
of scattering region [1]-[4] to explain the characteristics of
multipath environments, and to figure out the properties of
wireless multipath channels. Among these channel models,
the GSDM is one of the most general models; it provides
the TOA and AOD distributions that match reasonably well
with field measurements [5], and it is based on a more
reasonable assumption than the uniform scatterer distribution
model (USDM), as the scatterers near the MS contribute more
than those away from the MS [6]. As indicated in [6], the
GSDM can be made suitable both for macro-cell and pico-cell
environments with an appropriate choice of standard deviation
of the scatterer distribution.

In [1], closed-form expressions of the up link TOA and
angle of arrival (AOA) pdfs of the USDM are derived for
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both circular and elliptical scattering regions. The expressions
for the joint TOA/AOA and marginal TOA pdfs of the USDM
in [1], however, show discontinuity and algebraic singularity,
respectively, when evaluating the probability density for the
line of sight (LOS) path. A simplified closed-form expression
for the AOA pdf of the GSDM derived in [6] indicates that
the AOA pdf expression has higher validity than that in [7].
However, as discussed in [6], the AOA pdf expression derived
in [6] is good for small standard deviation of the GSDM.
Regarding the TOA pdf of the GSDM, an expression that re-
quires numerical integration is provided in [6]. Pedersen et al.
[5] suggest that the TOA pdf in urban outdoor environments
roughly follows exponential distribution, which is similar to
the TOA pdf of the GSDM derived in [6].

From the reciprocity of the down link to the up link, the
down link TOA and AOD have distributions identical to those
of the up link TOA and AOA, respectively, for a scatterer
distribution model. Therefore, the joint TOA/AOD, marginal
TOA, and marginal AOD pdfs of the down link correspond to
the joint TOA/AOA, marginal TOA, and marginal AOA pdfs
of the up link, respectively.

The purpose of this paper is to provide accurate knowledge
of spatial and temporal properties of wireless channels in
multipath environments based on a reasonable assumption of
the scatterer distribution. This paper focuses on the GSDM
around the MS as one of the most general and practical down
link scatterer distributions. A second purpose of this paper
is to analyze the spatial and temporal properties of the first
arrival path in multipath environments. To this end, the GSDM
is considered to derive the joint TOA/AOD, marginal TOA,
and marginal AOD pdfs. Section II introduces definitions
and notations, and Section III shows the joint TOA/AOD
pdfs of the GSDM and USDM. In Section IV, the marginal
TOA pdfs are derived for the GSDM and USDM. The AOD
pdf is derived in Section V. In Section VI, the TOA and
AOD pdfs of the first arrival path are analyzed to show the
difference from those of long-delayed multipaths. A closed-
form expression for the TOA pdf of the first arrival path is
introduced, and an approximation of the AOD pdf of the first
arrival path is discussed as well. Section VII discusses the
usage of expressions derived in this paper.

II. DOWN LINK GEOMETRY

Fig. 1 shows the geometry of scatterers around a MS
receiving signal from a BS, and notations used in this paper
to derive the TOA and AOD pdfs. The MS is at the origin
0(0,0), and the BS is located at B(—D,0); and a circular
scattering region of radius R around the MS is defined in a
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Fig. 1.

Geometry of scatterer distribution.
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Cartesian coordinate system. A down link path with AOD ¢
relative to the azimuth of LOS path is reflected at a scatterer
located at (x,y) within the scattering region and arrives at the
MS on the azimuth angle ¢ relative to the LOS path after

propagating TOA T
distance to the scatterer from the BS, r is the distance

(rp+1)/c seconds, where r, is the

to

the MS from the scatterer, and c is the speed of light. Let

fay(z,y) denote the scatterer distribution, then

rpcos(f) —D

7p sin(6)

(ro+r)/c

r? = D* 472 —2r,D cos(h).

N e 8
|

[ V)

Therefore, the circular scattering region is described as
D?* 47 —2r,Dcos(d) < R>.
Using (3) and (4), 7, can be expressed as

202_ D2
"= S(re—Dcos(8))’
and (5) becomes

D2+7%c2—27¢D cos(f)
Tc—D cos(6)

<2R.

ey
2
3)
“

&)

(6)

(N

Using the Jacobian transformation in [8], the joint TOA/AOD
pdf is expressed as identical to the joint TOA/AOA pdf in [1],

cG1G .
fro(r,0) = 55" fuy (1 cos(8) = D, 1y sin(6))
2
where
G, = 7°c*—D?

G2 = 1¢c— D cos(6)
Gs = D?*4+712c2—27¢D cos(f).
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Fig. 2. Joint TOA/AOD pdf for GSDM.

III. JOoINT TOA/AOD PDF FOR GSDM AND USDM

Assuming the down link geometry as shown in Fig. 1, the
scatterer distribution function for the GSDM is defined as

2 2
vy . Va2+y? SR(g)

202

G exp|—

vy(Ty) = 2mo?

0, otherwise

where ()G denotes the GSDM, and o, the standard deviation
of the GSDM, represents multipath environments, such that
larger o indicates wider spatial spread of scatterers around
the MS. Applying (9) to (8), the joint TOA/AOD pdf for the
GSDM is derived as

£, 0),

FE5(T,0),
cD

2m0?’

0,

D <cr<(D+2R), 0

G, (r,0) = =% 10)

ct=D, =0

otherwise

where
- CG1G3 [ G4 ]
- 8102G3 P 802G

c(D+7e) —(Te—D)?
fra (1.0) = =5 exp[———5—]

G4 = 4DG1Go cos(0) — G5 —4D?*G3

£ (r.0)

and fZy(7,0) at the LOS (7 = D/e¢,0 = 0) is derived by
applying L'Hospital’s rule

. G
Jim [ (,6)
with
do c cT
L
dr  Dsin(9) D

obtained from (6) for r, = D. Fig.2 shows the joint TOA/AOD
pdf (10) for D = 1000m, R = 600m, ¢ = 200m. Similar
algebraic manipulation can be applied to obtain an expression
for the probability density at the LOS point of the joint up
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link TOA/AOA pdf of the USDM derived in [1]; the complete
closed-form expression becomes

CGng G3

———— = —=<2R,0+#0

47‘('f%2GY§7 GQ_ 7&

c(D+7e)

—— D <(D+2 0=
Uyr6)= § “apgz 0 D Sers(DR2R).0=0

cD

R’ T=Tr05, 0=0

0, otherwise

where ()Y denotes the USDM and 71,05 = D/c. Note that the
joint TOA/AOD pdfs of the GSDM and USDM are continuous
functions over all ranges of TOA and AOD. Note also that the
joint TOA/AQD pdfs of the GSDM and USDM have two peaks
at the points (7, £6,), where 7, = TZFO g and 6, =07, and drop
sharply from the peak points to the LOS point (71,05, 0).

IV. MARGINAL TOA PDF FOR GSDM AND USDM
A. GSDM

One of the approaches to derive a closed-form expression
of the TOA pdf is to derive the TOA cumulative density
function (cdf), and then take the derivative of the TOA cdf with
respect to 7. Similarly to [1], the TOA cdf can be obtained by
calculating the total probability of a scatterer being inside both
the ellipse corresponding to a delay equal to 7 and the circular
scattering region of radius R. However, due to the Gaussian
distribution of scatterers in the circular region, the calculation
requires integrals, of which the analytical evaluation is not
possible [6]. The method used in this paper to derive the
TOA cdf is to divide the intersection area into multiple area
segments for convenience in algebraic manipulations, and then
to sum up the expressions of the probabilities of a scatterer
being inside each segment.

Fig. 3 shows the situations considered here. Due to the sym-
metry of the scatterer distribution about the = axis, segments
only above the z axis are shown and analyzed for algebraic
convenience. An arbitrary point inside the intersection area
is represented by a radius r from the MS located at the
origin O(0,0) and an angle ¢ increasing clockwise from
the down link arrival angle of LOS path transmitted from
the BS located at B(D,0) in a polar coordinate system.
For a TOA 7, the angle to the cross section point of the
circle and the ellipse is denoted by ¢¢, and the distance r
from the origin to a point on the ellipse when ¢ = 7 is
denoted by r9. The quantity r; represents the distance from
the MS to the point on the ellipse, when ¢ is equal to an
angle ¢; (=7/2) for convenience in algebraic manipulations.
Let Ay denote the total circular scattering region, and let
Aqq, Aig, Ay, Ajy and Ajs represent area segments which
constitute the intersection area above x axis, over {0 <r <
R,0 < ¢ < ¢o}, {0 < r < ro,max(do, ¢1) < ¢ < 7},
{ro<r<ri,maz(do, ¢1) <p<m}, {0<r<ri,¢o<Pp<¢1}
and {r1 < r < R,¢9 < ¢ < ¢1}, respectively. The total
probability mass over Ay is

R
Vo = / 27rN(r) dr
0
2

= o\/ﬂ(l—exp (_R ))

202
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Fig. 3. Segments of the intersection area for the TOA cdf evaluation.

where
2

N(r) = Xp (W)

= ———¢
oV 2T

(13)
(14)
Since the distance from the origin to the ellipse corresponding
to a delay 7 is described by
2.2_ 2
r = L7 (15)
2(rc— D cos(¢))

as in [1], and the r( is described by

Tc—D
o= 5 (16)
the following relationships are obtained

D?—72c?4+2R7c
= _ 17
¢ = arccos ( SRD ) (17

ro(te+D)

= - 18
" Tc—D cos(¢r) (18)

Let 71 represent the value of 7 when ¢g=¢1,
71 = (R4++/R2—2RD cos(¢1)+D?)/c, (19)

and the probability masses over Aj1, A12, A13, A14 and A;5
for m < 7 < (D+2R)/c are expressed by the following
equations

Vii = —W (20)
2
To
Vip = / (m—60)rN(r) dr
0
2
-9 _ "o
= =m-o)(1-ew (53)) @
R
Via = [ (6=60)rNGr)dr 22)
To
and V14 = Vi5 = 0, respectively, where
D2—72c242r7¢
¢ = arccos (T) (23)

To derive a closed-form expression of (22), we use an approx-
imation [9]

(24)

arccos(z) ~ g — T
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Using (24), (22) is expressed as
g To R
Vis = = 2(Zi~Z)+ 22(Q(2) Q) @9)
where

iy TC
Zy =L gy IC
1= ®o )

D
Zy — ro( I;—Tc)
2
Zg = 1—6Xp (F)
_p2
Zy = 1—exp( 552 )

1 e 2

After some algebraic manipulations, the TOA cdf for 71 <7<
(D+2R)/c is expressed as

2
FXN7) = 7(‘/11-*-‘/12‘”/13)
0
N 1 TC 1 7c¢.\Z3
~5 G D)7
222 To R
+m(@(;)_Q(;)) (26)
Assuming R> o,
1 27
FIr) = 14(Zs- D)5+ p) + —=Q(2). @)
For D/e<7<m,
Vig = \/%(w—qsl)zg (28)
~_ 9 _ oy _ oM
Vis =~ \/%26(25 Zg)+ZQ(Q(U) Q(U)) (29)
Via = \/%(¢1_¢O)Z5 (30)
R
Vis = [ (6= 60N () dr (D)
where
—T2
Zs = 1—exp (T‘;)

s TC
Zo = T _ gy — I
6 =3 o1 )

Since (¢—¢o)r in (31) decreases from (¢1—¢o)ry to 0 as r
increases from 71 to R, (¢—¢o)r can be roughly approximated
by a first order polynomial as

(6— o) ~ %(R — 7). (32)
Using (32),
1 R o
Vis >~ Z7 {R(Q(;)—Q(;)) —E(Zz; —Zs)| (33)
where
~ (P1—¢0)r1
Z7 - Trl
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Fig. 4. TOA pdfs for GSDM.

After some algebraic manipulations, and assuming 2>> o, the
TOA cdf for D/c<7<m is expressed as

F2(1) ~ %[¢o+(g+%)zg+zlzs+(z5_1)z7}
2
Fo= | BQEH(RZ-2)Q()]. (34

Therefore, the complete expression of the TOA cdf becomes

FX(7), 1 <T<(D+2R)/c
FS(r)={ F2(r), Dje<t<n (35)
0, otherwise.

The closed-form expression of the TOA pdf is directly ob-
tained by taking the derivative of (35) with respect to 7

FHr) ~ e(Z3—1) [—
27c> )

+m@( ) (36)

g

for 1y <7< (D+2R)/c, and

-2
3(7’) ~ %(Zg—Z5)+%(I_Z3)
1—Z ’
22 ()
% [ToZlo(Z1+Z7)+Z2_RZ7}
2 T2 ) Tc? 1
= [+ (RZs = TR a7
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for D/e< 1<, where

- 2¢(te—R)
%0 = VAR?D?—(D? — 722+ 27CR)?
7 Re[t%c2+D*—2D7c cos(¢1)] (1 — o)
® 7 " 2[R(rc—Dcos(h1))—ro(re+ D)2
B rO(Tc—FD)qZ)E)
R(rc—D cos(¢1))—ro(Te+D)
7o — e(r2c2+D?*—2Drccos(¢1))
T (te—D cos(¢1))?
Tc+D
Zo =

Tc—Dcos(¢y)

Therefore, the complete expression of the TOA pdf becomes

frr), 11 <7<(D+2R)/c
f2(7), D/e<t<m
fFm) =19 D (38)
Pyt T=D/c
0, otherwise.

Note that the probability density at LOS (7 = 7105) in (38)
is obtained from

2m

fE(D/e) = S,(D/c,)d¢
= 7%,(D/c, 0).

(39)

To test the validity of the derivations, the closed-form expres-
sion of the TOA pdf in (38) is computed at all ranges of T
for D=1000m, R=600m, and o =200m, and then compared
to a simulated normalized histogram of TOA from 10° times
Monte Carlo trials, in Fig. 4. Note that there is a negligible,
but increasing, mismatch between the TOA pdf (38) and the
normalized histogram, as 7 reaches to the maximum value
(D+2R)/c due to the approximation errors in (24) and (32).

B. USDM

The TOA pdf for the USDM over a circular scattering region
derived in [1] is strictly for 7> D/c, but its probability density
at LOS can be found by integrating the joint TOA/AOA pdf
(11) over 8 with 7 = D/c

27

F(Dje)= [ Us(D/e,6) db. (40)
0

Therefore, the complete expression of the TOA pdf for the
USDM becomes

£Uer) = ¢ [rcka(nTe—ke)+(mko+Tc—2R)k?
T 71'R2 4]€1]€2
TCk’o(TCk’4+k’%) 7'202—‘!‘]{% ]fok’l
2h? +2k2k? oy et (57)
_ R-7c (2R2 Tck%k4(1+k(2))) 1)
VARZD?—}2 2k3 +2k2k?

2613
for D/c<7<(D+2R)/c, as derived in [1], where
ko = tan F arccos (D2 _T202+2RTC)}
A b 2RD
ky = /722 —D?
ky = /D2—72c2+4R(7c — R)
ks = D?—12c*+2R7c
ki=D-—7c,
and
v, cD
fr(r) = e (42)
for 7 =D/c.

V. AOD PDF FOR GSDM

To derive a closed-form expression of the AOD pdf of the
GSDM, a similar approach of area segmentation used in the
derivation of the TOA cdf and TOA pdf is considered. The
situation being considered is illustrated in Fig. 5. The MS
is at the origin O(0,0) and the BS is located at B(D,0)
in a polar coordinate system. A down link path with AOD
0 from the LOS path has two intersection points Sy (R, ¢1)
and So(R,m — ¢2) with the circular scattering region of
radius R. Let Ss(r3, ¢3 + ¢1) be the projection of the MS
to the down link path with AOD 6, and (r,2¢3 + ¢1 — &)
denotes an arbitrary point on S3S. The first step to derive an
expression of the AOD cdf is to analyze the probabilities of a
scatterer inside both the sectoral area between the LOS path
and the path with AOD 6 and the circular scattering region.
For convenience in algebraic manipulations, 4 area segments
between the angles are considered. Let Asy, Ase, Assz and
Asy are the 4 area segments over {0<r <R, 0<¢<d¢1},
{0<r<R, 2¢3+¢1 <p<m}, {0<r<r3, ¢1 <P<¢1+0¢3}
and {r3<r<R, ¢1+¢3<d<P1+2p3}, respectively, and Ay
denotes the total circular scattering region. Denoting Vp, Va1,
Vao, Vas and Vay the probability masses over Ag, Aa1, Asg,
Ags and Agy, respectively,

Vo = oV2rw M5
1
Vart Vs = (5~ Z)W 43)
g
Vg = —\/ﬁ—j’erx (44)

Vau

R T
/ [gbg—arccos(?g)]r]\f(r) dr (45)

73

where

¢3 = arccos (% sin(6))

r3 = Dsin(f)
e (2
My =1 exp( 02)
_p2
M5 = 1—€‘Xp (W)

To derive a closed-form expression of (45) for 0 <
arccos(rs/r) <m/2, an approximation [10]

arccos(x) ~ @
rras

~ g~ (46)

Authorized licensed use limited to: Korea Advanced Inst of Science & Tech - KAIST. Downloaded on July 15,2021 at 08:31:20 UTC from IEEE Xplore. Restrictions apply.



2614

— S, (R, - ¢,)
//1;;é+w( \
N\

— \
B(D,0) | /}
\\ |
\\ |
\\
\\\
\\\\\
Fig. 5. Area segments for AOD cdf evaluation.
can be used if
l
Z arccos(x;) — (g —yz; + %) ’ o

=1
is satisfied for a very small ¢ and for [ equally spaced points
{2;]0 <21 <22 < 23,... < 7 < 1,1 > 4}. Using nonlinear
regression with [ >4, it is found that v =0.922, a1 = «/0,
a2 =0, and a3=—0, where a=0.08283 and 3=1.1708, can
be a choice that satisfies (47). Therefore, (45) becomes

R
Vag = / (b3 = (g1t gt N dr
:/”K@——w+mw+5ﬂNme
R
O NG dr (48)

vy B2(rB—r3)

Using the first mean value theorem for integration [9], the last
term in (48) can be expressed as

R ar?
. 752(r6—r3)N(r) dr (49)
B R-¢
< v Mo (C) G0
ar% R—¢
> 063\/2_(1 M) In ( 3—§> (S

where In(-) is a natural log function, and £ =r5/0. Since the
upper limit (50) is negligibly small for all 6, and the lower
limit (51) approaches to 0 for large R/o, as a rule of thumb,
(49) can be approximated by

ar% _ R—¢
72053\/%(1 M4)1n(7’3—€).

The total probability mass can be expressed as

(52)

P(0) = 0 (Vzl + Voo +2Va3+2Va4)

My r3 ars R—f)
2Ms = 2moMs aﬂ?’ rg—§

val ) (@@)-eD))

1

(1 M4) In (

(53)

IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 8, NO. 5, MAY 2009

— — — AOD model for 6/D=0.1
0121 —— AOD model for 6/D=0.2 ]
AOD model for 6/D=0.3
*  Normalized Histogram for 6/D=0.1
0.1 + Normalized Histogram for 6/D=0.2 |
% Normalized Histogram for 6/D=0.3
0.081 g
i
g *%@*%
5 0.06F FoooX .
a * *

0
AQD Error [deg]

Fig. 6. AOD pdf for GSDM.

Therefore, the AOD cdf can be expressed, in terms of (53),
as

0.5+P(0), 0<60<0ma
Fg@) =< 05=P(l0]), —Omax <0<0 (54
0, otherwise

where 0,4, = arcsin(R/D). Taking derivative of (53) with
respect to 6,

2D cos(0) e r3 R
p0) ~ g () -Q(3))
D 0
BP0 [n-21+ 55)
«@ r2 R—¢ R
ta (-t (s - +€—R)}, (55)
and the AOD pdf can be expressed, in terms of (55), as
(‘9‘) O<|9|§9maw
Gp\ _ _
fe'(0) = \/%ME)( D1-20(= )]79—0 (56)
0, otherwise.

When R > o is assumed, (55) may be further simplified
since Ms ~ 1 and Q(R/J) ~ (. To test the validity of the
derivations, (56) is computed for all ranges of 6 for o =100m,
200m, and 300m, when D =1000m and R =600m, and then
compared with simulated normalized histograms of AOD from
105 Monte Carlo trials, in Fig. 6. Unlike the expressions for
the up link AOA distribution of the GSDM derived in [6]
and [7], (56) matches the simulated normalized histogram for
small and large values of o.

VI. TOA AND AOD STATISTICS OF FIRST ARRIVALS

The TOA pdf (38) and AOD pdf (56) describe the tem-
poral and spatial properties of wireless channels in multipath
environments. What’s more, for some wireless systems, the
temporal and spatial properties of first arrival path are also par-
ticularly important for an accurate estimation of performance.
Direction finding systems [2] and radiolocation systems such

Authorized licensed use limited to: Korea Advanced Inst of Science & Tech - KAIST. Downloaded on July 15,2021 at 08:31:20 UTC from IEEE Xplore. Restrictions apply.



KONG: TOA AND AOD STATISTICS FOR DOWN LINK GAUSSIAN SCATTERER DISTRIBUTION MODEL

as Advanced Forward Link Trilateration (AFLT) [11] and
Observed Time Difference of Arrival (O-TDOA) [12] use the
measurement of the first arrival path to improve accuracy. In
practice, a number of multipaths can be observed at a wireless
receiver, and the first arrival path may have different TOA
and AOD distributions from the TOA pdf (38) and AOD pdf
(56). The TOA and AOD pdfs of the first arrival path have
normally narrower distribution than the TOA and AOD pdfs of
all multipaths [13]. Therefore, the knowledge of the temporal
and spatial properties of the first arrival path is essential for
the design and improvement of the radiolocation and direction
finding systems, respectively. This section discusses closed-
form expressions for the TOA and AOD pdfs of the first arrival
path.

In [13], the TOA distribution of the first arrival path when
N multipaths are observed is derived as

G
T(1) (T) =

N[ =FE@)Y 7 () (57)
where 7(1 is the first order statistic of 7’s, and F¥(7) and
fE(r) are defined in (35) and (38), respectively. Plots in Fig.
4 include the TOA pdfs of first arrival path for N = 2 and
4, when D =1000m, R=600m, and o =200m. As shown in
Fig. 4, the probability density around the LOS path (7 ~7105)
increases linearly with N, but the probability density at large
delay (7 > 1r0s) decreases as N increases. Therefore, it is
obvious that 7(;) approaches to 705 as N increases

Efr] = / TN FE ()N fE (r) dr

— T;OS, as N —oo. (58)

The AOD distribution of the first arrival path is defined in [13]
as

*(1) / f9\T (0l7) T<1>( 7)dr

=/ N[l FEOINTfEp(r,0)dr - (59)
71(0)

where 6, denotes the AOD of the first arrival path, SQ(T, 6)
is defined in (10), and 7; and 7 represent the TOA’s at the
S1 and Ss points in Fig.5, respectively

71 = [R+D cos(0)— /D2 (cos()> (60)

T =[R+D cos(6) ++/D2(cos(6)?

—1)+R?]/c
—1)+R?]/c.

(61)

Note that it is not possible to obtain a closed-form expression
from (59) for all values of N. However, it can be inferred that
(59) has probability density increase relatively more at smaller
|f] as N increases : The peak density of f(,(i(l) (),

D2R
c

N[1—ES(2)]N £9,(r.6,) dr,

TLOS

for (0p) =

(1)

increases as N increases, where 0, is the AOD of the peak
points of the joint TOA/AOD pdf (10), since both [1—F%(7)]
and ffe(T, 6,) are monotonously decreasing functions with
respect to 7(> 7.os). In addition, the density ratio of fgi(l) (0)
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to the peak,
T 0 =
f@T(l)(Q) [ = FS ()N Gy (7,0) dr
% J
1 6 [ e L=FS(r)|N1 1%, (7,6,) dr

decreases as |0|(> 6,) increases and as N increases, since
f,rGO(T7 ) is a monotonously decreasing function with respect
to 7(>7L0s) and ||(> 6,). Denoting the AOD of smallest
magnitude among N AOD values of N multipaths by 0(y),
the pdf of 61 can be defined as

1§,(0) = N[1-2P(lo)) 15 (0).

It can be inferred from (62) that fecfl) (0) increases linearly as
N increases, since

(62)

15,,(0) = Nf£(0),

and that the density ratio of fgl) (9) to the peak,

fii, 0) N1 FE(0)
0 1-2P (0D S

decreases as || increases and as N increases, since P(|6])
is a monotonously increasing function with respect to |6].
Numerical evaluations of (59) and (62) shows that both
I§ ) (#) and fecfl) (#) have a similar but not identical pattern
of ((tle>nsity change when [V increases. However, it is expected
that

IN

o)

T0q) (1)

f5,(0) = f¢

for N > 1, where 06,1, and oy, -
of 0( 1) and 07, o respectively. Let m be the peak density ratio

(6)

denote the standard deviation

(1)

of fe ( ) to fe ( ) such that

Jorios L= FE@IN 18,(7,0,) dr

m o~ ) (63)
750
m approaches a constant value as N — oo, since
Di2R
L= EE O L (r,0,) dr
TLOS N—oo

- Se(Tpﬁp)‘ (64)

Fig. 7 shows m (63) from simulated normalized histograms
of 107 Monte Carlo trials for 0/D=0.1,0.2, and 0.3, when
D = 1000m and R = 600m. As expected from (64), m
approaches a constant value for each /D value when N
becomes sufficiently large. However, it should be noted that
the plots in Fig. 7 show approximate estimates of m as they
are the results of Monte Carlo trials. Fig. 8 also shows the
ratio o ) /o and T0.,) /o, where o denotes the standard
deviation of AOD @ described in (56). Note that there can
be an interesting observation about the relationship between
feci(l) (0) and fecfl)(ﬁ) from Fig. 7 and Fig. 8; when fecfl)(ﬁ)

from M multipaths and f§ (0) from N multipaths have a
T(1
same peak value, both of the pdfs also have similar standard

deviation values. For example, the peak value of feG (9) for
()
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Fig. 7. Peak density ratio of 97(1) to 0(1).
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Fig. 8. Ratio of 0, - /o9 and og ;) /o0.

N =20 and o/D = 0.3 is approximately same to that of
fe%)(e) for M ~8 and o/D = 0.3 as shown in Fig. 7, and

oy,  for N=20 and 0/D =0.3 is also approximately same

.

to og,, for M ~8 and /D =0.3 as shown in Fig. 8. Based on
the above analysis and numerical evaluations, f$' (0) from
)

N multipaths can be roughly approximated by f(,(l) (0) from
M (< N) multipaths such that
foi (8) = mN[1—2P(|)]" 7 f§ (6).

(1)

(65)

Fig. 9 and Fig. 10 show some comparisons of the approxima-
tion of f§’ ( )(9) (65)to f& ( )(9) (59) obtained from simulated
(1 (1

normalized histogram of 10° Monte Carlo trials. Fig. 9 (a)
shows f§7 " (0) (59) from simulated normalized histogram for
N =5 and o/D = 0.1 and the approximation of f(,(i ) (0)
(65) using m ~ 0.51 from Fig. 7. Fig. 9 (b) shows another
comparison for N =5 and /D = 0.3 using m ~ 0.46 from
Fig. 7. Fig. 10 (a) shows a third comparison for N =50 and
o/D = 0.1 using m =~ 0.45 from Fig. 7, and Fig. 10 (b)
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Fig. 9. AOD pdf of first arrival path when N =5.
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Fig. 10. AOD pdf of first arrival path when [N =50.

shows the other comparison for N =50 and /D =0.3 using
m~0.40 from Fig. 7. As shown in Fig. 9 and Fig. 10, (65)
is effective as a coarse approximation. However, it should be
noted that there is an approximation error in (65) for large
N and small /D, since the numerical evaluation of m from
Monte Carlo trials loses accuracy for larger N and smaller
/D due to too narrow bin size; Fig. 10 shows an example
of this approximation error.

VII. CONCLUSION

In this paper, the closed-form expressions for the joint
TOA/AOD, marginal TOA, and marginal AOD pdfs of the
GSDM were derived, and the validity of the TOA and AOD
pdfs was confirmed by comparing the pdfs to the simulated
normalized histograms from numerous Monte Carlo trials. The
TOA pdf of the first arrival path and the AOD pdf of the
smallest AOD magnitude path were derived from the first order
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statistic of the TOA and AOD of the GSDM, respectively. It
was shown that there were statistical similarities between the
AOD pdf of the first arrival path and the AOD pdf of smallest
AOD magnitude path with smaller number of multipaths; fur-
ther mathematical analysis to derive an accurate relationship
between the two pdfs will provide more insight into the spatial
properties of the first arrival path. The expressions derived in
this paper can be very useful for performance simulations of
wireless communication systems, radiolocation systems, and
direction finding systems in multipath channel environments.
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